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1.1 �����

	 E3 ����
�������������������� �
�(� �).

�� A � B ������������
−−→
AB �� A ����

B ������������������� AB �������−−→
AB ������ |−−→AB|(� d(A, B)). �
��� A = B ������
�

−−→
AB ���������� 0.

	
−−→
AB �

−−→
CD ��������������

−−→
AB ������

���
−−→
CD �������������������

−−→
AB =

−−→
CD. �

�����������������������

����Æ��� ����!������
−−→
AB �

−−→
CD ���

�����
−−→
CD �

−−→
EF ��������

−−→
AB �

−−→
EF � �� (!

�� 1-1). ���"�����#� a  "�
�$������

� 1-1

%� 1.1 �������
�������� V � ����.

&�������"��#� {a,b, c,d · · · } "�����
��
��" 0  "�����

1
1



	 a ∈ V ��������!#�$������ A, %&��
����� B, �� a =

−−→
AB. ����� a ���� |a| = |−−→AB| =

d(A, B). ��������������$�������

	 a =
−−→
AB, ��� −a =

−−→
BA. �� −a ��� a ������

��&�

%� 1.2 	 a,b ∈ V ����������&������� O,
�%&��� A �� a =

−→
OA. ���%&��� B �� b =

−−→
AB. �

����
−−→
OB ���� a � b ����� a + b.

�'()����'�� O ���������*��+(��
����������������!)� O ��,��" (!��
1-2). $�#$��!)�������

� 1-2

��!)�� �����!)� ” !%-)� ”. ���
!�*�����.!� A, B, C, &��"

−−→
AB +

−−→
BC =

−→
AC.

�� 1-3 �''+��#��!)� ” �Æ$,-)� ” �/%
"#� O, A, B !��� a =

−→
OA � b =

−−→
OB, ��� OA � OB �,

0�Æ$,- AOBC, �� a + b =
−−→
OC.

� 1-3

2
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(1��(����-2.��������)&����(�!
)�/%" ” �Æ$,-)� ” . '
&��(�0"� (� 1-3��
O �) �(���3(��&���!)� O ����).,4��

�� 1.1 ���!)*5�#� �#

(1) +�	# a + b = b + a;

(2) ,�	# (a + b) + c = a + (b + c);

(3) *�Æ a ∈ V, � a + 0 = a;

(4) *�Æ a ∈ V, � a + (−a) = 0.

�� ��!)�+�	���� 1-3 ���!)�!%-)�6�
���

� 1-4 � 1-5

���,�	��� 1-4 6���#

(a + b) + c =
−−→
OB +

−−→
BC =

−−→
OC =

−→
OA +

−→
AC = a + (b + c).

	 a =
−−→
AB. 7�

−→
AA =

−−→
BB = 0, 
��

a + 0 =
−−→
AB +

−−→
BB =

−−→
AB = a;

a + (−a) =
−−→
AB +

−−→
BA =

−→
AA = 0. �

%� 1.3 	 a,b ∈ V. ������-)�# a− b = a + (−b).

�� 1-5, 	 a =
−→
OA, b =

−−→
OB, ��

a − b = a + (−b) = (−b) + a ==
−−→
BO +

−→
OA =

−−→
BA.
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�����������!��-���.�������� V *�
��!.-	�/01

1.2 �����8�

��!��������������
��/�

%� 1.4 � R �*�+�������	 a ∈ V, λ ∈ R. ���
λa �*5�#,0�����# (1) ����� |λ||a|; (2) � λ > 0
�� λa � a ����2� λ < 0 �� λa � a ���&2� λ = 0 �
a = 0 ��1 λa = 0. ����� λa �+� λ ��� a ���3
2�

4�Æ�'������5���� (����) a � b �Æ��
-3�%&��5��+� λ ��� a = λb �4�

��!�+�������32���.������6���
� V *��32	���/0��

�� 1.2 +�����32*5�#� �#

(1) 1a = a, (−1)a = −a;

(2) λ(μa) = (λμ)a;

(3) (λ + μ)a = λa + μa;

(4) λ(a + b) = λa + λb.

��  � (1) � (2) �� 1.4 �6�.5��"�,������
�������
��/) � (3). �� λ, μ� (λ+μ)!���90����� 0,

� � (3) 12�4���$!��65���+���3-74#
(i) λ � μ �72$����� λa + μa � (λ + μ)a �������
��� � (3) �4� (ii) λ � μ :72���'8	 λ � λ + μ �

7�$�� −μ � λ + μ �7�� (i) !�

−μa + (λ + μ)a = (−μ + λ + μ)a = λa.

6 (λ + μ)a = λa + μa,  � (3) ;2�4�
�#��)# � (4). �� λ, a � b �������� � (4)

12�4��#8	��65������� a � b �Æ��%&5
�+� μ, �� b = μa, $�<" � (2) � (3), �

λ(a+b) = λ((1+μ)a) = (λ(1+μ))a = (λ+λμ)a = λa+λ(μa) = λa+μb,

4
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 � (4) �4������ a � b '�Æ�9 a =
−→
OA � b =

−−→
AB, �−−→

OB = a + b. ���
&6� OA � OB �=����� C � D, �
� −−→

OC = λ
−→
OA = λa,

−−→
OD = λ

−−→
OB = λ(a + b).

� 1-6(a) �� 1-6(b) �
*< λ > 0 � λ < 0 �3-�

� 1-6(a) � 1-6(b)

�� �OAB � �OCD �>*<,�9:�����5!%-�
6

−−→
CD = λ

−−→
AB = λb. ���

λ(a + b) =
−−→
OD =

−−→
OC +

−−→
CD = λa + λb.

 � (4) �)� �

�:�����32���		 � (4)) *<�;�Æ���5!
%-,��9:��1

1.3 ���?�

%� 1.5 	 a1, a2,· · · , ar ��>�����&�;�� O<�
��$�������6=&��,6���������� ��
	� �� �����

%� 1.6 	 a1, a2,· · · , ar ��>�����&�;�� O<�
��$�������6=&��@�;��������� �Æ
����

�'()����;��;;"6�;�� O �,��"�;
�����;;�

	 a ���5����9 L(a) �
�� a ;��������
�������� O 0�;����$;���������
�,6� �. ����

L(a) = {λa | λ ∈ R}.

5
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12�*�Æ b, c ∈ L(a) � λ ∈ R, � b + c ∈ L(a) � λb ∈ L(a). �
�� L(a) �5��� a 4������ V ��� (1 7�) A���

����� a � b *5 b = λa, - a �= 0 �����
b
a

= λ, ��

��+���89 1.2 �'���*�Æ b, c ∈ L(a) � λ ∈ R, �

b + c
a

=
b
a

+
c
a

,
λb
a

= λ
b
a

.

�� 1.3 ���� a � b ;��<3,0�%&'*���+�
λ � μ, ��

λa + μb = 0.

�� 	��� a � b ;���� a = b = 0, �� 1a + 1b = 0. ��
a � b �90�����5���'8	 a �= 0. �� b � a ;��
�%&+� λ, �� b = λa. $�� λa + (−1)b = 0 �4� 3 �
)�&����%&'*���+� λ � μ, �� λa + μb = 0 �4�

��'8	 μ �= 0. �� b = −λ

μ
a, 6 b � a ;��<� �)� �

�� 1.1 �� a � b ';��- λa + μb = 0, � � λ = μ = 0.

	 a� b���';�����9 L(a,b) �
�� a� b ;;�
�������������;��� O ��$;;����
����@�; σ. 9 a =

−→
OA, b =

−−→
OB. �$ c ∈ L(a,b), %& C ∈ σ

�� c =
−−→
OC. �� a � b ';���6� OA � OB ++��� O.

�� C �
0 OA � OB ��Æ��+ OA � D, + OB � E (!�
� 1-7).

� 1-7

��
−−→
OD �

−→
OA ;��

−−→
OE �

−−→
OB ;��6%&+�* (λ, μ), �

�
−−→
OD = λ

−→
OA = λa,

−−→
OE = μ

−−→
OB = μb. ���!)�=�Æ$,-)

6
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�>�����

c =
−−→
OC =

−−→
OD +

−−→
OE = λa + μb.

&��*�Æ+�* (λ, μ), ��9 λa + μb =
−−→
OC. ���!)�=�

Æ$,-)�>.+� C � =&�6� OA � OB 
:��;
��6 λa + μb ∈ L(a,b). ������

L(a,b) = {λa + μb | λ, μ ∈ R}.

�'()�*�Æ c,d ∈ L(a,b) � λ ∈ R, � c + d ∈ L(a,b) �
λc ∈ L(a,b). ��� L(a,b) �';��� a � b 4������ V

��� (2 7�) A���

�� 1.4 	 a, b, c ;;�- a � b ';���%&���+�*
(λ, μ), �� c = λa + μb.

�� ��+B)#�� ���%&��+�* (λ, μ) � (λ′, μ′), �
�

c = λa + μb = λ′a + μ′b,

�� (λ − λ′)a + (μ − μ′)b = 0. 7� a � b ';���.5 1.1 ��
λ − λ′ = 0 � μ − μ′ = 0. ���$/�+�* (λ, μ) %&-��� �

�� 1.5 �� a, b, c;;�<3,0�%&'*���+� λ, μ, ν,
��

λa + μb + νc = 0.

�� /) 3 �	 a, b, c ;;��� a � b ;����89 1.3
!�%&'*���+� λ � μ, �� λa + μb = 0. $�����
λa+μb+0c = 0,  3 �4��� a � b ';���89 1.4 !�%
&+� λ� μ,�� c = λa+μb. 6 λa+μb+(−1)c = 0� 3 ��
4�;)<� �	%&'*���+� λ, μ, ν, �� λa+μb+νc = 0.
���'8	 ν �= 0. $���

c = −λ

ν
a − μ

ν
b.

�� a� b;���'8	 a = ρb,�� c = −(
λ

ν
ρ+

μ

ν
)b. $� a,b, c

;�� ;;��� a � b ';��� c ∈ L(a,b), $� a,b, c �;
;�<� �)� �

7
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�� 1.2 �� a, b, c ';;�- λa + μb + νc = 0, � � λ =
μ = ν = 0.

%� 1.7 	 {a1, a2,· · · , ar} ��>������� b ��"�

b = k1a1 + k2a2 + · · · krar,

<� {k1, k2, · · · , kr} �+�������� b ���)���> {a1,
a2,· · · , ar} ���� >��
�� 1.6 �� {a,b, c} �';;����������Æ���

�6�����)� {a,b, c} ���� >��
�� &������ O 0����;��������� a �
b 
@���;� Σ. ;	 d =

−→
OA ������.���� A 0 c

��Æ��+�; Σ � B(!�� 1-8).

� 1-8

���
−−→
OB =&�; σ ��?-��

−−→
BA � d �Æ�����8

9 1.4 !�%&+� λ, μ � ν, ��
−−→
OB = λa + μb,

−−→
BA = νc.

�:��
d =

−→
OA =

−−→
OB +

−−→
AB = λa + μb + νc.

8� d C��)� d = λ′a + μ′b + ν′c, ��

(λ − λ′)a + (μ − μ′)b + (ν − ν′)c = 0.

7� {a,b, c} ';;���.5 1.2 .+ λ = λ′, μ = μ′ � ν = ν′. �
%� 1.8 �������>';;��� {e1, e2, e3} �����

V ��>������� V ��>� {e1, e2, e3}, ��Æ�� a ∈ V

����"�
a = a1e1 + a2e2 + a3e3

8
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�-"����!D�> (a1, a2, a3) ��� a &� {e1, e2, e3} #�E
@�

��� R3 �
�+�!D�>������& R3 �����
#�!)��3	�#

(a1, a2, a3) + (a1, a2, a3) = (a1 + b1, a2 + b2, a3 + b3);

λ(a1, a2, a3) = (λa1, λa2, λa3).

�'()��#�89�4�

�� 1.7 	�� a � b &�>� {e1, e2, e3} #�E@�
�
(a1, a2, a3) � (b1, b2, b3), λ � μ �+����� λa + μb �E@�

(λa1 + μb1, λa2 + μb2, λa3 + μb3).

&� V ���>� {e1, e2, e3}<�A�� 1-1*< φ : V → R3

�##*�Æ�� a ∈ V, 9 a = a1e1 + a2e2 + a3e3 ��

φ(a) = (a1, a2, a3).

�89 1.7 !�$/�� 1-1 *< φ F��# �#

φ(λa + μb) = λφ(a) + μφ(b),

������ V � R3 ���� �����G.��$/����
� {e1, e2, e3} �,��"�

1.4 ���	
����

	 A � B ������'���� A, B, C !�;��<3,0
�%&+� t ∈ R �� −→

AC = t
−−→
AB.

>�+� t ���*<6� AB ��� C(!�� 1-9).

� 1-9

9
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&������ O. 7�
−→
AC =

−−→
OC − −→

OA,
−−→
AB =

−−→
OB − −→

OA, �
�B

−→
AC = t

−−→
AB �?��#����B#

−−→
OC = (1 − t)

−→
OA + t

−−→
OB.

��G.��$��B� O ��,��"��������

�� 1.8 ���!� A, B, C ;��-3�%&+� t ��

−−→
OC = (1 − t)

−→
OA + t

−−→
OB.

%� 1.9 	 A, B, C �;��!�'������ C �"� A,
B ��9�

(A, B; C) =
−→
AC
−−→
CB

.

4� 1-9 �''+��9 (A, B; C) ��HC=�

(−∞,−1) ∪ (−1, 0) ∪ (0, +∞).

� A � B @�� C �����9
��/�� C =&��
AB �>���9 (A, B, C) < 0; � C =&�� AB �?���9
(A, B; C) > 0. �
�� C ��� AB ����-3� (A, B; C) = 1.

��9 (A, B; C) = λ ��4�B
−→
AC = λ

−−→
CB ���'��

−−→
OC =

1
1 + λ

−→
OA +

λ

1 + λ

−−→
OB. (1.4.1)

�#��$+��� 	����Æ<"�

� 1.1 	 {A1, A2, · · · , An} ����� n �����&����
.��� O, �

1
n

(
−−→
OA1 +

−−→
OA2 + · · · + −−→

OAn)

�������������%&������ M , �*5

−−→
OM =

1
n

(
−−→
OA1 +

−−→
OA2 + · · · + −−→

OAn). (1.4.2)

�'()�������"��� O ��A�� O′, � (1.4.2) ;2
�4�$/� M �� O ��,��"���� {A1, A2, · · · , An} 
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��/���� M ��> {A1, A2, · · · , An}�  !. & (1.4.1)�9
O = M , ����

−−−→
MA1 +

−−−→
MA2 + · · · + −−−→

MAn = 0. (1.4.3)

���� {A1, A2, · · · , An} ��I����*5���B (1.4.3) ��
�� M .

����� A � B ��I M @��� AB ����

!%- ABC ��I M ��!D� {A, B, C} ��I���A
J��B

−−→
OM =

1
3
(
−→
OA +

−−→
OB +

−−→
OC)

$+��� BC ,���� D *5
−−→
OD =

1
2
(
−−→
OB +

−−→
OC), ���

−−→
OM =

1
3
−→
OA +

2
3
−−→
OD.

$�#�M =&!%- ABC ��� AD ��&�"�� O = M , �
�4B!� M �� AD �E���9� 2 : 1 �����/���M
�=&!%-�A>�,����?����E���9� 2 : 1��
�����!%-��I@�!���+��

� 1.2 	 D, E � F �
�!%- ABC �, AB, BC � CA �
�� (!�� 1-10).

� 1-10

��"���))#�#�

Ceva %" !6� AE, BF � CD +����<3,0�

(A, B; D)(B, C; E)(C, A; F ) = 1.

11
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�� /) 3 �	!,6� AE, BF � CD +��� M . ���

(A, B; D) = λ, (B, C; E) = μ, (C, A; F ) = ν.

�� A, B � D !�;��- (A, B; D) = λ, ��!K (1.4.1) ?�
O = M , ��

−−→
MD =

1
1 + λ

−−→
MA +

λ

1 + λ

−−→
MB. (1.4.4)

7�M, D, C !�;������=�+� x��
−−→
MD = − x

1 + λ

−−→
MC.

�B�B (1.4.4), �������B
−−→
MA + λ

−−→
MB + x

−−→
MC = 0. (1.4.5)

�/���C" (B, C; E) = μ � (C, A; F ) = ν, ����=�+� y

� z, ��
y
−−→
MA +

−−→
MB + μ

−−→
MC = 0; (1.4.6)

ν
−−→
MA + z

−−→
MB +

−−→
MC = 0. (1.4.7)

4 (1.4.5) � (1.4.6) �LC
−−→
MB, 4 (1.4.5) � (1.4.7) �LC

−−→
MA, �

���

(1 − λy)
−−→
MB + (x − λμ)

−−→
MC = 0, (λν − z)

−−→
MB + (xν − 1)

−−→
MC = 0.

7�
−−→
MA,

−−→
MB �

−−→
MC ��Æ��D';��6�

1 − λy = x − λμ = λν − z = xν − 1 = 0.

�:.+

x =
1
ν

, y =
1
λ

, z =
1
μ

, λμν = 1.

��� 3 �)�

&)#<� �D���/E�+�M �AJ�7� λμν = 1, �
���=�5�+� a, b, c, �� λ = b/a, μ = c/b � ν = a/c. ��
����� O. ��

−−→
MA =

−→
OA −−−→

OM,
−−→
MB =

−−→
OB −−−→

OM,
−−→
MC =

−−→
OC −−−→

OM,

�$�H����B�B (1.4.5), ����

−−→
OM =

a
−→
OA + b

−−→
OB + c

−−→
OC

a + b + c
. (1.4.8)

12
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�#��)#<� �	 D, E � F �
�!%- ABC �, AB,
BC � CA ������ (A, B; D)(B, C; E)(C, A; F ) = 1. ���5�
+� a, b � c, ��

(A, B; D) =
b

a
, (B, C; E) =

c

b
, (C, A; F ) =

a

c
.

�F" (1.4.1), ���

−−→
OD =

a

a + b

−→
OA +

b

a + b

−−→
OB.

9 M ����*5���B (1.4.8) �������

−−→
OM =

a + b

a + b + c

−−→
OD +

c

a + b + c

−−→
OC.

���M �=&6� DC ���/���M �=&6� AE � BF
��$/�!6� AE, BF � CD +��� M . <� �)� �

#� 1-1

1. FME a, b, c FFGHNIGGO

λ1a + μ1b + ν1c = 0, λ2a + μ2b + ν2c = 0,

ÆP {λ1, μ1, ν1} H {λ2, μ2, ν2} HFQGIHIJJKKRLÆ
λ1

λ2
=

μ1

μ2
=

ν1

ν2
.

2. F a, b, c, d HMSMELRLÆMTGIHIJJK λ, μ, ν, ω NN

λa + μb + νc + ωd = 0.

3. F O HJKPJUOLRLÆ A, B, C OOHNJPVPLQMTGIH
IJJK λ, μ H ν, NN

λ
−→
OA + μ

−−→
OB + ν

−−→
OC = 0, λ + μ + ν = 0.

4. F A, B, C HRM σ SGHNJOOL O QJKPUOLWJKPUO D
NTRM σ SJPVPLQMTJK λ, μ H ν, NN

−−→
OD = λ

−→
OA + μ

−−→
OB + ν

−−→
OC, λ + μ + ν = 1.

13
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5. F O HJKPJUOLRLÆ A, B, C, D TOHMJPVPLQMTGI
HIJJK λ, μ, ν H ω, NN

λ
−→
OA + μ

−−→
OB + ν

−−→
OC + ω

−−→
OD = 0, λ + μ + ν + ω = 0.

6. F P QX O OQJORGHMJME a,b, c HSJRYOMULF M H
P JZ[LVME −−→

OM .

7. F A, B, C, D HJKPTOLF M1, M2, M3 H M4 TUQNV AB, BC,
CD H DA JPOIWPWG\XLRLÆM1M2M3M4 XYURRYTS]I
ZGWJZ[^TS] ABCD JZ[\XL

8. RLÆRMSUR_ n S]JZ[YHÆZQ`J`[L

9. aRT[ 1-10 PObN AE, BF H CD ScUO M . ad (A,B; D) = λ,

(B, C; E) = μ, (C, A; F ) = ν H
−−→
OM = k1

−→
OA + k2

−−→
OB + k3

−−→
OC. VÆ k1, k2, k3.

10. TJKPJUQO S \STYFQO S1 H S2. F S, S1 H S2 JZ[TU
QM , M1 HM2. RLÆM NTNVM1M2 SIZG (M1 , M2; M) = |S2| : |S1|,
ÆP |S1| H |S2| TUQ S1 H S2 POJRKL

11. FOU] ABC [O A, B, C J\eSS]TUH a, b, c. RLÆOU]
ORURTNScUO M , ZG M J]fgX^ME^_`aÆ

−−→
OM =

a
−→
OA + b

−−→
OB + c

−−→
OB

a + b + c
.

12. _[ 1-11 `aID, E, F TUQOU] ABC JORS AB, BC H CA S
JOLbhMEJ^bRLMenelaus cVÆ(A, B; D)(B, C; E)(C,A; F ) = −1.

[ 1-11
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§2 ���$�.%�&'�

2.1 ���$�

	 a � b �������5����� < a,b > ��� a � b �
��W%�

%� 2.1 �� a � b 5�������� $� �

a · b = |a||b| cos < a,b > .

�� a � b ������������W%'c:�$���1
?2 a · b = 0.

����*5 a · b = 0 ����� a � b d6��� a ⊥ b.

	 e ����A����� 2-1 ����Æ�� a ∈ V 6����
�)�

a = ae + a⊥
e , (2.1.1)

<� ae ‖ e, a⊥
e ⊥ e. ��� (2.1.1)��� a"� e�i+�)�� ae

���� a "� e �d�ej�� a⊥
e ��� a "� e �d6ej�

� 2-1

�� b = be + b⊥
e ��� b "� e �i+�)���

a + b = (ae + be) + (a⊥
e + b⊥

e ).

�� (ae + be) ‖ e, (a⊥
e + b⊥

e ) ⊥ e, 6�

(a + b)e = ae + be, (a + b)⊥e = a⊥
e + b⊥

e . (2.1.2)

���������d�ej�����d�ej��2�����
�d6ej�����d6ej���:>�4� 1-12 ����

ae = (|a| cos < a, e >)e = (a · e)e. (2.1.3)

15
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�� 2.1 ���?2*5�# �#

(1) a · b = b · a;

(2) a · a = |a|2;
(3) (λa) · b = λ(a · b);

(4) (a + b) · c = a · c + b · c.

��  � (1) � (2) �?2��')k#�

��/) � (3). '8	 λ, a � b 65��� λ > 0 ���

(λa) · b = λ|a||b| cos < λa,b >= λ|a||b| cos < a,b >= λ(a · b);

� λ < 0 ���

(λa)·b = |λ||a||b| cos < λa,b >= (−λ)|a||b| cos(π− < a,b >) = λ(a·b).

6 � (3) �4�

�#��)#?2���	 (4) �4�	 a, b � c ��.���
���+� λ��A�� e, �� c = λe. *F" (2.1.3)<" � (3),
����F"

ae · e = a · e.
C"$�F"��X (2.1.2) � (2.1.3) �����

(a+b) ·e = (a+b)e ·e = (ae +be) ·e = [((a ·e)+(b ·e))e] ·e = a ·e+b ·e.

�,�3� λ, A�� � (4). �

�#��$+��?2��<"�

� 2.1 	!%- ABC !�% A, B, C 
*<�,��
� a, b,
c. 9 a =

−−→
CB, b =

−→
CA, c =

−−→
AB. 7� c = a − b, ?-

a · b = |a||b| cos <
−−→
CB,

−→
CA >= ab cosC,

��C"?2���	��

c2 = c · c = (a− b) · (a− b) = |a|2 + |b|2 − 2a · b = a2 + b2 − 2ab cosC.

$i�!%-�lf�� �
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� 2.2 	!%- ABC ��,e BD � CE +��� O. ���
−→
OA = a,

−−→
OB = b,

−−→
OC = c.

��
c · (b − a) = c · −−→AB = 0, b · (c − a) = c · −→AC = 0.

�������

a · −−→BC = a · (c − b) = b · (c − a) − c · (b − a) = 0.

$/��)#$#�.!%-!e+���� �
%� 2.2 �����d6��A�� {e1, e2, e3} �������

Ai+��

�� 2.2 	 {e1, e2, e3} �������Ai+���*�Æ��
�� c �

c = (c · e1)e1 + (c · e2)e2 + (c · e3)e3. (2.1.4)

�� 7� e1, e2, e3 ';;���Æ�� c 6��)�

c = λe1 + μe2 + νe3.

�B�,�
� e1, e2 � e3 m?2�?C"?2���	�����
λ = c · e1, μ = c · e2 � ν = c · e3. �.

�� 2.3 	 {e1, e2, e3} ��������Ai+�1	�� a,b
&$>�#�E@�
� (a1, a2, a3) � (b1, b2, b3). ��

a · b = a1b1 + a2b2 + a3b3. (2.1.5)

�� 7�

e1 · e1 = e2 · e2 = e3 · e3 = 1, e1 · e2 = e1 · e3 = e2 · e3 = 0, (2.1.6)

��C"��	��

a · b = (a1e1 + a2e2 + a3e3) · (b1e1 + b2e2 + b3e3) = a1b1 + a2b2 + a3b3.

�

2.2 ���%�

	 {a,b, c} ����� V ��>�������;��� O.
��� 2-2 ����#��3- ��-3���3-74#
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(1) ����nghoo� a ����ioo� b �������k
2���oo� c ���2

(2) ����pghoo� a ����ioo� b �������k
2���oo� c ����

� 2-2

��3- (1) 74����� {a,b, c} �ng6��	@Y�2�
�3- (2) 74����� {a,b, c} �pg6�	@Y��
��G.���>��ng6.�pg6�������jZkq

[l�"���'()��� {a,b, c}�ng6�� {b, c, a}� {c, a,b}
.�ng6�� {b, a, c}, {a, c,b} � {c,b, a} ��pg6�
%� 2.2 	 a, b ������������ a � b �Æ���1

 a × b ������� a � b '�Æ������ a × b �*5
�#,0�����#

(1) a × b � a,b 6d62

(2) {a,b, a × b} ����ng6�@Y2
(3) |a × b| = |a||b| sin < a,b >.

����� a × b � a � b �>2�

	 e ��A�����&������ O, �%&���@� O
�?� e d6��; Σ. *�Æ��� e d6��� a, %& Σ ��
��� A, �� a =

−→
OA. ��� O ���I���

−→
OA nr 90◦, �

����� ρe(a)(!�� 2-3).

� 2-3
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12��� ρe(a) � O ��,��"�	 a � b �=& e d6�
; Σ �������f\�Æ$,-)�� a+b �=&�; Σ ��
7� ρe �s��Æ$,-nr 90◦, 4� 2-3 ���

ρe(a + b) = ρe(a) + ρe(b). (2.2.1)

�� 2.3 	 e ��A��� a ��.��� a⊥
e ��� a "� e

�d6ej���
e × a = ρe(a⊥

e ), (2.2.2)

<� a⊥
e ��� a "� e �d6ej�

�� �� a � e �Æ�� e × a = 0 = ρe(a⊥
e ), 89�4��� a �

e '�Æ�� e × a � ρe(a⊥
e ) 6d6� e � a. ��

|e × a| = |a| sin < a, e >= |a⊥
e | = |ρe(a⊥

e )|,

?- {e,a, ρe(a⊥
e )} ��ng6��>�6 e × a = ρe(a⊥

e ). �

�� 2.4 ���>2*5�#� �#

(1) a × b = −b× a;

(2) (λa) × b = λ(a × b);

(3) (a + b) × c = a × c + b× c.

�� �� a � b �Æ�� � (1) � (2) 12�4��� a � b '
�Æ��'() a × b � −b× a, (λa) × b � λ(a × b) ������
����6 � (1) � (2) ��4�

�� )# � (3). ��A�� e �+� λ �� c = λe. C"
(2.2.2), (2.1.2), (2.2.1) � � (2) ����

c × (a + b) = λe × (a + b) = λρe((a + b)⊥e ) = λρe((a⊥
e + b⊥

e )

= λ(ρe(a⊥
e ) + ρe(b⊥

e )) = λ(e × a + e × b) = c × a + c× b.

tC" (1), ���� � (3). �.

�� 2.5 	 {e1, e2, e3} ���������ng6��Ai+
��	�� a � b &$>�#�E@�
� (a1, a2, a3) � (b1, b2, b3).
��� a × b &$>�#�E@�

(a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1).
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�� 7� {e1, e2, e3} �ng6��Ai+����

e1 × e2 = e3, e2 × e3 = e1, e3 × e1 = e2. (2.2.3)

C"89 2.4 ����

a × b = (a1e1 + a2e2 + a3e3) × (b1e1 + b2e2 + b3e3)

= (a2b3 − a3b2)e1 + (a3b1 − a1b3)e2 + (a1b2 − a2b1)e3. (2.2.4)

�

�� 2.6 	 a, b � c �����!������

(a × b) × c = (a · c)b − (b · c)a.

�� �+� λ ��A�� e1, �� c = λe1. ����� e1 d6�
�A�� e2, ?9 e3 = e1 × e2. � {e1, e2, e3} ��������ng
6��Ai+��9 a = a1e1 + a2e2 + a3e3 � b = b1e1 + b2e2 + b3e3.
C" (2.2.4) ����

(a × b) × e1 = (a1b2 − a2b1)e2 − (a3b1 − a1b3)e3.

��6�]������

(a · e1)b− (b · e1)a = (a1b2 − a2b1)e2 − (a3b1 − a1b3)e3 = (a × b) × e1.

&�"�,3� λ, ��Am�$89�)#� �

2.3 ���'�

%� 2.3 	 a, b, c �!�������

[a,b, c] = (a × b) · c

�����2�

�� 2.7 	 {e1, e2, e3} ������ng6��Ai+@Y�	
�� a,b � c &$>@Y#�E@�
� (a1, a2, a3), (b1, b2, b3) �
(c1, c2, c3). ��

[a,b, c] = a1b2c3 + a2b3c1 + a3b1c2 − a1b3c2 − a2b1c3 − a3b2c1. (2.3.1)
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�� �89 2.5 ����

a × b = (a2b3 − a3b2)e1 + (a3b1 − a1b3)e2 + (a1b2 − a2b1)e3.

�� c = c1e1 + c2e2 + c3e3 �C" (2.1.5) 6�]������F"
(2.3.1). �
�$�A�����ÆZ"∣∣∣∣∣∣

a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣ = a1b2c3+a2b3c1+a3b1c2−a1b3c2−a2b1c3−a3b2c1. (2.3.2)

�'()�ÆZ"*5�# �#
(1) �����ÆZ"����Z*���ÆZ"3(��g7#∣∣∣∣∣∣

b1 a1 c1

b2 a2 c2

b3 a3 c3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
c1 b1 a1

c2 b2 a2

c3 b3 a3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
a1 c1 b1

a2 c2 b2

a3 c3 b3

∣∣∣∣∣∣ = −
∣∣∣∣∣∣
a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣ . (2.3.3)

(2) �����ÆZ"��Z^Æ_���ÆZ"'h#∣∣∣∣∣∣
a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
b1 c1 a1

b2 c2 a2

b3 c3 a3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
c1 a1 b1

c2 a2 b2

c3 a3 b3

∣∣∣∣∣∣ . (2.3.4)

(3) ÆZ"*>�@�Z�� ���i�Z�:����#∣∣∣∣∣∣
λa1 + μb1 c1 d1

λa2 + μb2 c2 d2

λa3 + μb3 c3 d3

∣∣∣∣∣∣ = λ

∣∣∣∣∣∣
a1 c1 d1

a2 c2 d2

a3 c3 d3

∣∣∣∣∣∣ + μ

∣∣∣∣∣∣
b1 c1 d1

b2 c2 d2

b3 c3 d3

∣∣∣∣∣∣ . (2.3.5)

(4) �ÆZ"�Zh�Æ��ÆZ"'h#∣∣∣∣∣∣
a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣ . (2.3.6)

C" � (4) ���!��ÆZ"� � (1), (2) � (3) *Æ0h��
��/�4�

� (2.3.1) �ÆZ"�������

[a,b, c] =

∣∣∣∣∣∣
a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣ . (2.3.7)

21
21



C" (2.3.7) �ÆZ"��� ����6����#89�

�� 2.8 ����2*5�# �#

(1) &� # [b, a, c] = [c,b, a] = [a, c,b] = −[a,b, c];

(2) _�*� # [a,b, c] = [b, c, a] = [c, a,b];

(3)*>�h���  �:�#[λa+μb, c,d] = λ[a,b, c]+μ[b, c,d].

�� 2.1 !��� a, b, c ;;�<3,0� [a,b, c] = 0.

�� /) 3 �	 a, b, c ;;��<��������"�A>
������ >��'8	 c = λa + μb. 7� a×b � a � b 6d
6�
�

[a,b, c] = (a × b) · c = (a × b) · (λa + μb) = 0.

6 3 �4�:>�*!�';;��� a, b, c  ��{a,b, a×b}
��������>��6�� c ���"� c = λa+μb+ νa×b
�-"�<� ν �= 0. $� �

[a,b, c] = (a × b) · c = ν|a × b|2 �= 0.

����� [a,b, c] = 0, � a, b, c  ;;�6<� ��4� �

�#��`j���2��Æ.��	 {a,b, c}�!�';;��
���������������Æa;� (!�� 2-4).

� 2-4

���>2����

a × b = |a||b| sin < a,b > ξ,
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<� ξ ���� a, b d6��A���?- (a,b, ξ) ����ng
6����

(a × b) · c = |a||b| sin < a,b > (ξ · c).
�� |a||b| sin < a,b > ��� a � b 4���Æ$,-;2��
h = |ξ ·c|��Æa;��e�6#� {a,b, c}�ng6@Y��ξ ·c > 0,
$� [a,b, c] @� (a,b, c) 
����Æa;���2 V	k;23

e�2� {a,b, c} �pg6@Y�� ξ · c < 0 �$� [a,b, c] = −V .

��G.��i���89 2.8 �� � (2) �4���!���
�Æa;��!�=k;23e>��H���

�� 2.9 *�.�$�����#� Lagrange F"

(a × b) · (c × d) = (a · c)(b · d) − (a · d)(b · c).

��#��2�_�*� X89 2.6, �

(a × b) · (c × d) = [a × b, c,d] = ((a × b) × c) · d

= ((a · c)b − (b · c)a) · d = (a · c)(b · d) − (a · d)(b · c).
�

2.4 ��u�()Æ*+,���

����n;���*�-vb��Æ*w�	 S2 ������
��An;����I& O ��n; S2 ��>���6*<�"�
�I O �*�� P ′. P ′ �� P �*c��

	 P , Q � S2 ���5*c��� P � Q ��/��-xd
� ��� P � Q =& � ��$�-xd� O,P ,Q !�
:��;
� S2 �+������-xd'��n;��=6�>��n;��
��5*c���:n;���,=6�>�

� 2-5(a) � 2-5(b)
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� 2-6

n;��Æ�,-xd��+���*c���!�l�-xd
���!%-��n;!%-�	 ΔABC ���n;!%-��$!
�-xd�A>!�+�� A′ �B′ � C′ ������ ΔABC *�
�n;!%- ΔA′B′C′ 	!�� 2-6 ��
���l�-xd ÂB, B̂C � ĈA ����
� a, b � c. ��"

����7 A "�-xd ÂB � ÂC 
&�;���W%�-2�
B �-xd B̂C � B̂A 
&�;���W%�-2�� C �-xd
ĈA � ĈB 
&�;���W%�-2�

%" 2.1 n; ΔABC �;2 Δ = A + B + C − π.
�� � A ����-xd+���*c� A � A′. 7�s��A
n;�;2� 4π �
�$��+%� A �-xdl#���=oe
p>l��;2� (A/π) · 4π = 4A. ��G.�� A %���=oe

p>� B %���=oep>� C %���=oep>�&��@
fmnn;!%- ΔABC � ΔA′B′C′ �!o��mnn;�<l�
l��o�����

4A + 4B + 4C = 2Δ + 2Δ′ + 4π.

�� ΔA′B′C′ � ΔABC �;2���6 Δ = A + B + C − π. �
�� 2.2 n;!%-�?%�-� π.

%" 2.2 	 ΔABC �n;!%-�% A � B � C 
*<�!,
,��
� a, b � c. ���#

(1) if�#
sina

sin A
=

sin b

sin B
=

sin c

sinC
;

(2) lf�# cos c = cos a cos b + sin a sin b cosC.
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�� 	
−→
OA = a,

−−→
OB = b,

−−→
OC = c. � a, b, c ��A���

� 2-7

4� 2-7 �����#�W%F"

< a,b >= c, < b, c >= a, < c, a >= b; (2.4.1)

< a×b, a×c >= A, < b×a,b×c >= B, < c×a, c×b >= C. (2.4.2)

��/)if���89 2.6, ����

(a × b) × (a × c) = [a,b, c]a;

(b × a) × (b × c) = [b, a, c]b;

(c × a) × (c × b) = [c, a,b]c.

�:.+

|(a × b) × (a × c)| = |(b × a) × (b× c)| = |(c × a) × (c × b)|. (2.4.3)

� (2.4.1), (2.4.2), (2.4.3) ���>2�������

sin c sin b sinA = sin c sin a sinB = sin b sina sinC.

if��)�

�#��)#lf��� Lagrange F"����

(c × b) · (c × a) = (c · c)(a · b) − (c · b)(c · a). (2.4.4)

�W%F" (2.4.1), (2.4.2), (2.4.4) �?2�������

sin a sin b cosA = cos c − cos a cos b.
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���lf��)� �
C"n;!%-�;2F"���)#�#�

%" 2.3	qgF"� 	r�;� P D���� v, h����
e �;���� f ��� v − e + f = 2.
�� �;��>�;��,-��,*%����,-�E���
�,-�$�h�;�y!����D���'h�
� v − e + f '
h�C"*%�����;��>�;�E�!%-�� v − e + f i
�ph��������'88�;� P �
�;�!%-���
& P �?l��� O �9 S2 �� O ��I��An;�C"� O
��I�s���;� P �";ej�n; S2 ���;�>�!%
-�;�� S2 ��n;!%-����s�n; S2 q$n;!%
-���n;!%��
mn�$���;� v �D�� e ,h� f
�;�	 {Δ1, Δ2, · · · , Δf} �
��;�>�; Δi �!�?%� αi,
βi � γi. �;2F"�� Δi = αi + βi + γi − π. ����

4π =
f∑

i=1

Δi =
f∑

i=1

(αi + βi + γi) − fπ.

��
�$n;!%-�?%!&��� 2πv, 
� 4π = 2πv −
fπ �B 2v− f = 4. 7�>�;�!,h��� f �;<� 3f ,h�
r>,h@t���;�$/ 3f @f�>,h�$�o�6 3f = 2e.
�:�� v − e + f = v − f/2 = 2. �

#� 1-2

1. bhMEbRLÆRYTS]TSJR^Hsc\UNJR^HL

2. bhMEbRLÆOU]OPN]tJR^HscOS]tR^HJ 3/4.

3. F a, b, cHORGHMJMELRLÆ_jME d GO d·a = d·b = d·c = 0,
W d uHIMEL

4. FTMU ABCD JF\\kl\vbLbhMEbRLÆTMUJmU\
\kzvbIZGO\\k]tJR^H\sL

5. F A1A2 · · ·An HUR_ n S]L
(i) RLME^_ −−−→

A1A2 +
−−−→
A2A3 + · · · −−−→AnA1 = 0.

(ii) nh (i) oRLX^psu

1 + cos
2π

n
+ cos

4π

n
+ · · · + cos

(2n − 2)π

n
= 0;
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sin
2π

n
+ sin

4π

n
+ · · · + sin

(2n − 2)π

n
= 0.

6. RLÆ\MSME a, b, c, X^J Jacobi psuYqÆ

(a × b) × c + (b × c) × a + (c × a) × b = 0.

7. RLÆ |[a, b, c]| ≤ |a||b||c|, GsuYqwGrw a, b, c l\vbIs{Æ
P|URHIMEL

8. RLÆ

(a × b) × (c × d) = [a, b,d]c − [a,b, c]d = [a, c,d]b − [b, c, d]a.

9. RLÆ\MSME a, b, c, d, |

[b, c,d]a + [c,a,d]b + [a,b, d]c + [b, a, c]d = 0.

10. F a, b, c HORGHMJMELRLÆMtME d uTvYH

d =
[d, b, c]

[a, b, c]
a +

[a, d, c]

[a, b, c]
b +

[a,b,d]

[a,b, c]
c.

11. F a, b, c H a, b, c HMSJFQMELRLÆ

[a × a, b × b, c × c] = [a, b,b][a, c, c] − [a, c, c][a, b,b].

12. RLÆ_j a, b, c HMIW a × b, b × c, c × a zHML

13. RLÆ_j (a,b, c) QURxwIW (a× b, b× c, c × a) QUR}vwx
wL

14. F a, b, c HORGHMJMELRLÆxcME x J^_Q

x · a = λ, x · b = μ, x · c = ν,

|xUvIH
x =

λb × c + μc × a + νa× b

[a, b, c]
.

15. bhqUytJ^bRLÆTMUJTRyzMz{|}\sK

16. RLÆTyMS~`{zÆb|~� α UIN�J{}|MzH 4α. (}
aÆ~~� a = 2πq J�]IÆP q H|VK)
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��� ���������

���������������������������	

�	
�������	��
�����
������	

��������������
������������
����	�������	��
�������������
���		��������������������	

§1 ���	
1.1 
����	

� Σ �
��	Æ�� Σ ����

�����
 �
	. ������
�����	������ φ : Σ → Σ: ��
P ′ ∈ Σ,   !
! P ∈ Σ,  " φ(P ) = P ′. Æ�� P ′ !� P  ��
φ �� �, � P � P ′ #"�� φ � �.

�� 1.1 !$�
�
���%�#"!��#&��Æ�
$�$����� ���	.

Æ�% d(P,Q) %�� P ,Q "!����#�& φ : Σ → Σ �

�����'&''� Σ 
�#"! P , Q, '�

d(φ(P ), φ(Q)) = d(P,Q).

�
((������ ���	id : Σ → Σ, �(�
)
!����)	������%�
�)!&*	

�
�)�)� l (�+,�"&**�-� Σ+ � Σ−.
$+� Σ = Σ+ ∪ l ∪Σ−. )�)� l !
,.�
�
 ���	
/)�0�1 l : Σ → Σ, ��%)� l 
�)
!&*�2( Σ+ �
�! P ��� Σ− ����! P ′. $-�Æ�% l ++��)��
#"3)��0���	

, 1-1

1
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0�����
(�.4�
/����	0����0
-
.�/�5�()1+0.��12 Γ ��
2+0.��12
Γ′, 6'*! X 312 Γ �1+04*+�����! X ′ 3 Γ′ �2
+04*	"��0�����
�
 ���5�	.

�� 1.2 � φ � ψ �� Σ 
�"��	� P � Σ 

!�
φ ( P �� P ′, � ψ �( P ′ �� P ′′. Æ��6�� P → P ′′ 3��
����� φ � ψ � ���	, 7� ψ ◦ φ.

� l1 � l2 ��
"�)����.7��
�")�0�
l1, l2 : Σ → Σ. Æ�48������� l2 ◦ l1 : Σ → Σ.

!$ l1 � l2 ��
"�8�)��Æ������ l2 ◦ l1 �

 
��	. � l1 � l2 ���� d, &6, 1-2 �5� l2 ◦ l1 (
�
�)
!3 l1 � l2 �9):�� 2d ��#	96��� φ �
����;.������ P %7

−−−−→
Pφ(P ) : P ;#��<��	

, 1-2

!$ l1 � l2 ��
"�**)��Æ������ l2 ◦ l1 �

 ���	. � l1 � l2 *!� O, & l1 8 O !1+0<=� l2 �<
=9=� θ �&6, 1-3 �5� l2 ◦ l1 (�
�)
!8 O !
 l1
� l2 �:�<= 2θ 9	

, 1-3

2
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6"���><=���"0��������'(1+0.
��12��1+0.��12�3	���><=��� >��
5�	.

�� 1.3 � φ �� Σ 
�
��	� Σ 
��#! P ′,   
!
! P ,  " φ(P ) = P ′. Æ��6�� P ′ → P �������
φ � ��	, 7� φ−1.

?:����.7�;?"�

�� 1.1 � φ, ψ � ρ ��
���	&�

(1) (ρ ◦ ψ) ◦ φ = ρ ◦ (ψ ◦ φ);

(2) φ ◦ φ−1 = φ−1 ◦ φ = id

(3) (φ ◦ ψ)−1 = ψ−1 ◦ φ−1.

�� 1.2 !$ φ � ψ ��
������&���1�� φ−1,
ψ−1 ����� ψ ◦ φ @�����	
��5� P , Q ��
�#"!	A� φ � ψ <������&�

d(φ−1(P ), φ−1(Q)) = d(φ(φ−1(P )), φ(φ−1(Q))) = d(P,Q);

d(ψ(φ(P )), ψ(φ(Q))) = d(φ(P ), φ(Q)) = d(P,Q).�

Æ��	B@)�0��AB��%"�CA�����	96�
=	)�0�������0.���>	)�0������
��.��	

�� 1.3 ���� φ : Σ → Σ ()���)�	
�� � P , Q, R ��
D��?!�& Q @ �E PR 
	&�

d(P,Q) + d(Q,R) = d(P,R).

A� φ ������6
A"�

d(φ(P ), φ(Q)) + d(φ(Q), φ(R)) = d(φ(P ), φ(R)).

6�����?9&�A���φ(Q) F.@ �E φ(P )φ(R) 
	
�
�� 1.4 � φ : Σ → Σ ��
�
��	!$ P ∈ Σ ��

φ(P ) = P , Æ�� P ��� φ �
&*!	

3
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Æ�CG��
3�!<�H+�� id : Σ → Σ �&*!I)
�0� l : Σ → Σ �&*!�)� l 
�3�!I<=�� φ �!

�&*!��B� φ �<=�D	���&C�&*! (JK��
H+��).

�� 1.4 !$
�����E�?&D��&*!�&�
H+��	
�� � φ �
������E�?&D��&*! P , Q � R.
7 l �)� PQ. 6DE 1.3 C� φ ( l �� l. "���� X ∈ l, Æ
�� φ(X) ∈ l, 2&

d(φ(X), P ) = d(φ(X), φ(P )) = d(X,P );

d(φ(X), Q) = d(φ(X), φ(Q)) = d(X,Q).

L� φ(X) = X . $7F�)� l 
�3�!F� φ �&*!	+G�
)� PR � QR 
�3�!<� φ �&*!	F� X ��
��
#
!�@! X �
)� l′ +M*)� PQ �)� PR " Y � Z.
A� Y � Z � φ �&*!�3	)� Y Z 
�3�!<� φ �&*
!�L X @� φ �&*!	$G�3��
�!<� φ�&*!�
φ �H+��	 �
�� 1.5 !$
�����HH�"&*!�&�>�H

+���>�
)�0�	
�� � φ �
������E�"&D��&*! P � Q. �
l �)� PQ. !$ )� l I� φ �&*!�&6DE 1.4 C φ �H
+��	!$ )� l IC� φ �&*!�&��� l I�
! X �

d(l(X), P ) = d(X,P ) = d(φ(X), φ(P )) = d(φ(X), P );

d(l(X), Q) = d(X,Q) = d(φ(X), φ(Q)) = d(φ(X), Q).

LX , l(X)� φ(X)?!� P ,Q��#*�	A� φ(X) �= X, l(X) �= X ,
3	 φ(X) = l(X). $+ φ �)�0�	 �

�� 1.6 !$
�����J�
&*!�&�F�

<=��	
�� �O����� φ�!
&*!	�I0
! P , & φ(P ) �= P .
� l �9 ∠POφ(P ) �9+�	A�

d(O, φ(P )) = d(φ(O), φ(P )) = d(O,P ),

4
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3	 l ◦ φ(P ) = P . "�� O � P <� l ◦ φ �&*!	6DE 1.5, Æ
�CG�>K (1) l ◦ φ = id �J�>K (2)   )� l′,  " l ◦ φ = l′

�J	6 (1) ��� φ = l, $: φ J�
&*!KN	"� (2) F
L�J	L φ = l′ ◦ l. 6" φ J�
&*!�����>�C�
&*!�>�H+���3	")� l � l′ FJ*"
!��� φ �
&*!�6� O !	"�� φ �<=��	 �
�� 1.1 ��
������	��HA?�)�0��

��	

�� � φ�
����	!$ φ = id, & φ = l ◦ l, DE�J	!$
φ &�H+���&  P  " φ(P ) �= P . L l ��E Pφ(P ) �9
)+��&� l ◦φ(P ) = P . "� l ◦φ HH�
&*!	!$ l ◦φ
J�
&*!�&6DE 1.6C��
<=���L l ◦φ = l2 ◦ l1,
L φ = l ◦ l2 ◦ l1. !$ l ◦ φ HH�"&*!�&6DE 1.5 ���>
K l ◦ φ = id, 6 φ = l; >K l ◦ φ = l′, 6 φ = l ◦ l′. �
6"=	)�0������
.�0.���.G 1.1 ��

�� 1.2 �
�.�����
.����><=��	

Æ�M#��!$Æ�("8)� l1 � l2 ++�8
��
"�:��8�)� l3 � l4/O5, 1-4a1�& l2 ◦ l1 � l4 ◦ l3 �
�
�+
���P+G�!$Æ�("�**" O !�)� l1
� l2 ++�8
8 O !�<=�"�)� l3 � l4/O5, 1-4b1�
& l2 ◦ l1 � l4 ◦ l3 ��
�+
8 O !�<=��	

, 1-4a , 1-4b

�� 1.3/?0�.G1�?)� l1, l2 � l3 ""8>**"+

!�&  )� l  " l3 ◦ l2 ◦ l1 = l.
�� ()� l1 � l2 �><=� " l2 :)� l3 -�	$+ l1 �
�)� l. 6" l2 ◦ l1 = l3 ◦ l, L l3 ◦ l2 ◦ l1 = l. �

5
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�� 1.5 �)� l 9)""8� l1 � l2. & l2 ◦ l1 �3)� l
:��
��&���� φ = l ◦ (l2 ◦ l1) �N3)� l �

��6QO�)� l �0�	96�� l ◦ (l2 ◦ l1) = (l2 ◦ l1) ◦ l. Æ��
φ = l ◦ (l2 ◦ l1) �3)� l �
R*0�/O5, 1-5 1	

, 1-5

�� 1.4 �
�3������6)�0����<=�3
M)��R*0�S��	
�� ������ φ &�)�0��@&��><=	6.G
1.2 C φ 
.�	P� φ = l3 ◦ l2 ◦ l1 �2&6.G 1.3 C� l1, l2 �
l3 &N""8�@&N**"+
!	&T� l2 : l3 **"
!
O �& O &@ l1 
	

, 1-6a , 1-6b
( l2 � l3 ++�
8 O �<=�"� l′2 � l � " l′2 : l1 9)
/O5, 1-6a 1	&� l3 ◦ l2 = l ◦ l′2. � l′2 : l1 *" O′ !	� l′2 :
l1 O8 O′ �8
<=�"� l∗2 � l′1 � " l′1 : l′3 @9)/O5
, 1-6b 1	&� l′2 ◦ l1 = l∗2 ◦ l′1. "�"�

φ = l3 ◦ l2 ◦ l1 = l ◦ l′2 ◦ l1 = l ◦ l∗2 ◦ l′1.

$+� l′1 � l∗2 9)" l. L φ �3)� l �
R*0�	 �

6
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1.2  !���	
Æ�� E3 �����

������
��	!$����


�� φ : E3 → E3 �%�#"!��#&��Æ�$� φ ���
��	

Æ�+G% d(P,Q) �� E3 �"! P , Q ����#�% id ��

E
3 �����H+��	;?QR�"���������U��
���I�����1��O�����	

����)�� Σ (��+,�"V&**�-�� E3
+ �

E3
−. $+ E3 = E3

+ ∪ Σ ∪ E3
−. � Σ �
������ Σ : E3 →

E3, �� 
��� , ��%� Σ 
�)
!&*�2( E3
+ ��!

P ��� E3
− ����! P ′. Æ�%+
7W Σ %����#

"3���0�	
�0� Σ : E3 → E3 ����(.4�������(���

��()���)��(�� (���E) ����	3I��0
�(���)SPT�XQ��UPT�XQ (O5, 1-7), L��
���
0.������	

, 1-7

� Σ1 � Σ2 �"�8������ d. &�0� Σ1 � Σ2

����� Σ2 ◦Σ1 : E3 → E3 �����
�����(���
�)!3 Σ1 H Σ2 �9):�� 2d ��# (O5, 1-8).

, 1-8

7
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� Σ1 � Σ2 �"�**���*�� l. Æ�V. l �
:
��%SPRWW�$V.�:��3SP��SW�6XT�:
�
 Σ1 H Σ2 �	,."��
U9 θ. ;?QR��0� Σ1

� Σ2 ����� Σ2 ◦ Σ1 : E3 → E3 ����8)� l �
<=�
<=:��SW�6XT�:��<=�9=� 2θ(O5, 2-10).

, 1-9

V!Æ�NWV.�� l �0
:��&3,.� Σ1 : Σ2 �
U9� 180◦− θ, $+�Σ2 ◦Σ1 : E3 → E3 ����8)� l �
0
:��<=�<=9=� 360◦− 2θ. Æ�M#��J. θ1 + θ2 � 360◦

�Y	Æ�&�����#! P 8)� l <= θ1 93"��!� P
!8)� l 0:�<= θ2 93"��!*+	

6"�0��0.���3	=	�0�������0.
��I>	�0��������.��	63"������
����<=��<��.����5��()SPT�XQ�
�SPT�XQ	

�� 1.7 ������()���)��(�����2&
�)��)����������	
�� � φ : E3 → E3 �����	OZDE 1.3 �RF:Y�Æ�;
?QR�φ ()���)�	� Σ �����
��	 Σ 
I"
�**�)� l1 � l2, *!� O. & l′1 = φ(l1) � l′2 = φ(l2) @�"�
**)��*!� O′ = φ(O). L Σ′ � l′1 � l′2 ����	@ Σ 

��#
 X �)� l +M* l1, l2 : P � Q. & φ(l) �
�)��
�+M*)� l′1 � l′2 " φ(P ) � φ(Q). L φ(l) @ � Σ′ 
	�M
Z� φ(X) @ � Σ′ 
	63"�� φ : Σ → Σ′. 6" φ−1 @��
�����( l′1 � l′2 +M�� l1 � l2, L� φ−1 : Σ′ → Σ. $G�
φ : Σ → Σ′ �

���2�%"!���#&�	 �
�� 1.8 !$
������E�?&D��&*!�&�

>�H+���>�
�0�	

8
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�� � φ �
������E�?&D��&*! P , Q, R. 7
Σ �$?&*!3,.��	& φ : Σ → Σ �����	6DE
1.3 C� Σ 
�3�!� φ �&*!	� Σ (��+,�"&*
*�-�� E3

+ � E3−.

!$  � Σ I
! O,  " O � O′ = φ(O) @ +
-�
���&6�A

d(O,P ) = d(φ(O), φ(P )) = d(O′, P );

d(O,Q) = d(φ(O), φ(Q)) = d(O′, Q);

d(O,R) = d(φ(O), φ(R)) = d(O′, R).

A� O � O′ �� Σ 
&D�?! P,Q,R ��#*��3	 O =
O′ = φ(O). 7 Σ′ � φ �?&D�&*! O, P , Q 3,.��	
+G� Σ′ 
�3�!� φ �&*!	6" Σ � Σ′ �"**�
��@�����#! X �	�)� l, �: Σ � Σ′ +M*" A �
A′. 6" A � A′ <� φ �&*!� X � φ(X) <@ )� l 
�2

&��� A � A′ ��#*�	63�� φ(X) = X . L φ = id.

!$  � Σ I
! O,  " O � O′ = φ(O) @ &+�-�
���& Σ ◦φ +G�% Σ 
�3�!&*�& O � Σ ◦φ(O) @ +

-���	6
��RF�� Σ ◦φ = id. $+� φ = Σ ��0
�	 �
�� 1.9 !$
������HHE�"&*!�&�>�


�0��>�
<=��	
�� � φ �������	!$ φ E�?&D��&*!�&6
DE 1.8 "C� φ �H+��/�X�<=��1>�0�		�
� φ E�"&*! P � Q, 2&3�&*!D�	� l �)� PQ.
& φ(l) = l, 2& l 
�3�!<� φ �&*!	J3�I� φ &O�
���&*!	Æ� l I�I
! R, &� l 
��#! X H�

d(φ(R), X) = d(φ(R), φ(X)) = d(R,X).


 R ![)� l �9��9�� O. "��� l 
��#! X , �

d(φ(R), O) = d(R,O) ≤ d(R,X) = d(φ(R), X).

3��)� φ(R)O @9)")� l. 63����E φ(R)R 9)")
� l. @�E φ(R)R ��! M �)� l �� Σ(O5, 1-10), &
�0� Σ : E3 → E3 �% l 
�!&*�2( R �� φ(R).

9
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, 1-10
$G����� Σ ◦ φ 	)� l � R �&*!	6DE 1.8, >K (1)
Σ ◦ φ = id, >K (2) Σ ◦ φ = Σ′. !$ (1) �J�& φ = Σ, $+ φ �&

*!�Y� Σ, KN	3	� (2) FL�J�$G φ = Σ ◦ Σ′. A
����C�&*! (JK�H+��), L Σ � Σ′ F**	63�
�� φ �
<=��	 �
�� 1.10 !$
������HH�
&*!�&��	�

�HA?�0����	
�� � O ����� φ�&*!	!$ φ�H+���& φ = Σ◦Σ.
!$ φ &�H+���&  P  " φ(P ) �= P . 6"

d(O,P ) = d(φ(O), φ(P )) = d(O, φ(P )),

3	 ΔOPφ(P ) �
�\?9�	L Σ �:3?9�9)�2@ O

![�E Pφ(P ) �!��	&� O � P ����� Σ ◦ φ �"
&*!	6DE 1.8 C� Σ ◦φ HA�	��"�0����	L
φ �	��HA?�0����	 �
A�=	�0�����0.�������3	
DE 1.10

Æ�"�

�� 1.5 ����.������!$�&*!�&�F���
�	M)��]�<=��	

�� 1.6 ���������	��&\@S�0���
�	

�� &T� φ &�H+��	&  P  " φ(P ) �= P . � Σ ��
E φ(P )P �9)+��& Σφ E�&*! P , ��&\@?�
0����	L φ ���&\@S�0����	 �

10
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1.3 "#5$^%

� G�6� (��) �����]+��S��^�	!$ G �

�	��/5

(1) id ∈ G;

(2) ��� φ, ψ ∈ G H� ψ ◦ φ ∈ G;

(3) ��� φ ∈ G, � φ−1 ∈ G;

Æ�$� G ��
 (���) �
���	!$ G ���#"
���� φ ◦ ψ = ψ ◦ φ, &� G �
*��	

	���

_����Y�5

(1) G = {id} �
(������J�
`ZI
(2) G = {id, l} ��
(�.4� (K(�) �����J�"

`Z�
�H+���
�)�0�I

(3) �
�3���S�
���	

(4) � Σ 
3������S�
��� Iso(Σ), �����
�I

(5) � Σ 
3��.������S�
��� Iso+(Σ), ��
�_a4*�I

(6) �
	 P �<=�D�3�<=��S�
��� OP (2),
�� P !`��*�I

(7) �
	 P �<=�D�3�<=��S�
*�� SOP (2),
�� P !`�<=�I

(8) �
3����S�
*����������	

[aKQR (1) H (6). 	�Æ�J� (7) � (8) �8QR	

� φ � ψ ��
	 O !�<=�D�"<=������<
=9+M� θ � θ′. & ψ ◦ φ � φ ◦ ψ <�	 O !�<=�D�<=
������<=9+� θ+ θ′, L ψ ◦ φ = φ ◦ ψ. � φ−1 @�	 O !
�<=�D�<=�����<=9� −θ. $G��
	 O �<=
�D�3�<=��S�
*��	
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� φ � ψ ��
�"���	&��� P %7

−−−−→
Pφ(P ) = a,

−−−−→
Pψ(P ) = b

�
: P ;#�<��	63��

−−−−−−−→
Pψ(φ(P )) =

−−−−→
Pφ(P ) +

−−−−−−−−−→
φ(P )ψ(φ(P )) =

−−−−→
Pφ(P ) +

−−−−−→
P ′ψ(P ′) = a + b;

−−−−−−−→
Pφ(ψ(P )) =

−−−−→
Pψ(P ) +

−−−−−−−−−→
ψ(P )φ(ψ(P )) =

−−−−→
Pψ(P ) +

−−−−−−→
P ′′φ(P ′′) = b + a;

−−−−−−→
Pφ−1(P ) =

−−−−−−→
φ(P ∗)P ∗ = −−−−−−−→

P ∗φ(P ∗) = −a;

�� P ′ = φ(P ), P ′′ = ψ(P ), P ∗ = φ−1(P ). "� ψ ◦φ, φ ◦ψ � φ−1 <

�����2& ψ ◦ φ = φ ◦ ψ. L�
3����S�
*
��	

Æ��� Σ 
��^��
�
,�	� M ��
�

,�	Æ�.7,� M ������ Iso(M) �

Iso(M) = {φ ∈ Iso(Σ) | φ(M) = M}.

[aK�8QR�,���������
�
���	Æ�7
|Iso(M)| ���� Iso(M) �`Z		

96�
?b&��?9� M ������C�KH+`Z	

�\�&�b�?9�������J�
KH+`Z l,��
#"c9+��)�0�	


�b?9� Δ3 �	8�-D1+0<= 120◦ � 240◦, �(
?9�����)IU�	#"?9��?�d�)�0��(?9
�����)	L�b?9������� Iso(Δ3) E� 5 KH+
`Z	

1�;\����)@1D�)�3���)�0�<(1��
��)I)81D�<=@(1����)	

 ���Æ��	�
_����Y�5

(1) G = {id,Σ} ����(�.4� (K() �����J�"
`Z�
�H+���
��0�I

(2) ���	)� l �<=]�3�<=��S�
*��I

(3) ���3����S�
*���������I
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(4) ���3������S�
��� Iso(E3), �������
��I

(5) ���3��.������S�
��� Iso+(E3), ���
�_a4*�I

(6) ���	 P �&*!�����S�
��� OP (3), �� P

!`��*�I

(7) ���	 P �&*!��.�����S�
��� SOP (3),
�� P !`�<=�	

[aK�8QR	
e�	

Æ�����&@ ���
��^�
Ja,�	� M �
����
Ja,�	Æ�.7

(i) ,� M ������ Iso(M) �

Iso(M) = {φ ∈ Iso(E3) | φ(M) = M}.

(ii) ,� M �	 P ��D�<=��� SOP (M) �

SOP (M) = {φ ∈ SOP (3) | φ(M) = M}.

]��;\����)@]D��3����0�<(]�
����)I)	@]D)��<=]�<=��@(]����
)	

Æ�< ^f�b�	�d=���A�a�����S�ag�
_�ag�h�ag�`i�a��i`�a/O5, 1-11 1	

$_�A�a�!���/5

(i) ��)���*+b	��Ab�I

(ii) ��)c!�j�a�	*+I

(iii) ��3�c!@ +
]�
P

13
40



�A�a�)��
�Ab�PÆ��)�Ab��IÆ1
1D��Ab��-DP�A�a)��-Db��S�
�A
�a������>�A�aP"���S�a���>�I�_�
a��>��h�aI��`i�a��>��i`�aP

� P �
�A�a	Æ�%,. P �#"��-D�<=��
� SO(P). SO(P) �KH+�`Z�� P �
<=��	

�S�a�		)c!:���-D�b��]<= 120◦ �
240◦ ��(�S�a���)P$G�<=��� 8 P@�		
)��b��!b��]<= 180◦ ��(�S�a���)P$G�
<=��� 3 P3	��S�aD� 11&+�<=��/O5,
1-12 1	

�_�a�		)����-Db��]�<= 90◦ g 180◦ �
270◦ ���%�)&�P$G�<=��� 9 P@�		)��c
!�]<= 120◦ � 240◦ ��(�_�a���)P$G�<=��
� 8 PU�		)��a��!bc�]�<= 180◦ ��(�_�
a���)P$G�<=��� 6 P3	��_�aD� 23&+
�<=��/O5, 1-13 1	

�h�a��_�a�*V�>�P6"<=��(-D��-
D�3	�h�a�<=��:�_�a�<=��*+��D� 23
&+�<=��PL�h�a���=� 47.

�i`�a� 20 �� 30 a� 12 c!P��		)��c
!�b��]<= 72◦ � 144◦ � 216◦ � 288◦ ��(�i`�a�
��)P$G�<=��� 24P@�		)����-Db��]
<= 120◦ � 240◦ ��(�i`�a���)P$G�<=��� 20
PU�		)��b��!b��]<= 180◦ ���%�)&�P
$G�<=��� 15 P3	��i`�aD� 59 &+�<=�
�/O5, 1-14 1	

�`i�a��i`�a�*V�>�P3	��D� 59 &+
�<=��P
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� P �
�A�aPÆ�% m %���Ab��b	�% n %
��
c!�j�a�	P
, 1-11�5� (m,n) �	I�	��
	d5 (3, 3) � (4, 3) � (3, 4) � (3, 5) � (5, 3) P

�� 1.7 �A�aJ��S�ag�_�ag�h�ag�`i�a
��i`�a$ef/g	
�� �A�a�)��
� m b�����9� (m− 2)π/m.
6")c!`�h�� n $G�9�$_9cd%i" 2π, L

n
(m− 2)π

m
< 2π.

$Gk�
(m− 2)(n− 2) < 4.

6 m� n���#7�FL m ≥ 3� n ≥ 3. $G�&�A�� m ≤ 6
� n ≤ 6. !$ m � 4 > 5, & n JNI 3. !$ m = 3, &6&�A�
n �	I 3, 4 > 5. "�� (m,n) JN (3, 3) � (4, 3) � (3, 4) � (3, 5)
� (5, 3) $ef	dP �

&� II-1

1. e"��)� l1 � l2 �� l1 ◦ l2 = l2 ◦ l1 ���	
2. � φ1� φ2+M�8 O1 � O2 !��<=��	j5�+ φ1 ◦φ2 =
φ2 ◦ φ1?

3. � l � l′ �� Σ 
�"�)�	RF5  
�����
φ : Σ → Σ � " φ(l) = l′.

4. RF5>	)�0�����<=��>���	

5. �f9?9� ABC �?d AD, BE, CF �9�+M� D, E � F .

RF5 ABC �3��Æ?9���?9� DEF �2l(m	

6. � φ� ψ�"�����	�  �
&D��?! P,Q,R,

 " φ(P ) = ψ(P ), φ(Q) = ψ(Q), φ(R) = ψ(R). RF5 φ = ψ.

6. � O �� Σ

!� λ�KgY		��� X ∈ Σ, .7 X ′ ∈ Σ

��
−−→
OX ′ = λ

−−→
OX . Æ��6 X → X ′ 3�������kh���

� O �kh�D�� λ �kh<		RF5

(1) �kh����.����I

(2) kh��()���:�8�)�I
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(3) 3�	 O �kh�D�kh��S�
*�����	

6. � φ� ψ �"������	�  &D��?! P,Q,R, S,  

" φ(P ) = ψ(P ), φ(Q) = ψ(Q), φ(R) = ψ(R), φ(S) = ψ(S). RF5 φ = ψ.

6. RF5������ φ J�
&*! O �;.���  @ O

!�?�� Σ1, Σ2� Σ3, " Σ1∩Σ2∩Σ3 = {O},2& φ = Σ3◦Σ2◦Σ1.

7. RF5	@.! O �)��<=]�3���<=��S�

���	$����n�*�o

8. �� Σ1, Σ2, Σ3 @)� l. RF5  !
@ l �� Σ4,  "
Σ3 ◦ Σ2 ◦ Σ1 = Σ4.

9. � O��� E
3

!�λ�KgY		��� X ∈ E

3,.7 X ′ ∈ E
3

��
−−→
OX ′ = λ

−−→
OX . Æ��6 X → X ′ 3��������kh���

� O �kh�D�� λ �kh<		

(1) j5��kh���n�.���+�.�o

(2) RF5kh��(�������2�%"����U9&�I

(3) RF53�	 O �kh�D�kh��S�
*�����	

5. ������ φ�� φ ◦ φ = id. RF5 φ>�H+���>�)
�0��>�
�D��	

10. � Σ � Σ′ �����"�	RF5  ����
��
�� φ : E

3 → E
3 � " φ(Σ) = Σ′.

11. � l � l′ �����"�)�	RF5  ����
���
� φ : E

3 → E
3 � " φ(l) = l′.

12. � Σ� Σ′ �����"�	 ϕ : Σ → Σ′ �
����/6
��#�

��1	RF5  ����
���� φ : E

3 → E
3 �

 " φ = ϕ : Σ → Σ′.

13. � l � l′ �����"�)�	 ϕ : l → l′ �
����	R
F5  ����
���� φ : E

3 → E
3 � " φ = ϕ : l → l′.

14. � P �
lA��� A � P �
c!P7 θ(A) �3�	 A

�c!�� A !`�9�'�/	p=qi1PÆ�.7A�� 
A !`�Tj

K(A) = 2π − θ(A).

96�Tjmr� θ(A) mi�c! A msktPj5
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(i) ef�A�� c!`�Tj��AHo

(ii) ef�A��3�c!`�Tj����AHo

15. � P�
lA��PRF5� 3�c!`�Tj��� 4π P
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§2 '��	

2.1 '��	(n5)*�	

�� 2.1 � Σ � Σ′ �"��� φ : Σ → Σ′ �


���
�()���)��Æ�$� φ ������	' Σ = Σ′ +�Æ
�� φ : Σ → Σ ������	

�� 2.2 � φ : E3 → E3 ����
����()���)��
Æ�$� φ �������	

6DE 1.3 �DE 1.7 C�������X�����	

�� 2.1 � φ : Σ → Σ′ �
��������& φ−1 : Σ′ → Σ
@�
����	
�� � φ : Σ → Σ′ �
������()���)�	Æ�o.
RF5 φ−1 @()���)�	Æ�%0RY	V! φ−1 (M�� l′

�?! A′, B′, C′ +M���&D��?! A, B, C. 6" φ(A) = A′,
φ(B) = B′, φ(C) = C ′, � φ ()���)�	3	 φ ("�&+�)
� AB � AC <��)� l′. �� X ∈ Σ,   @ X �)� lX +M*
)� AB,AC "&+�"! P ,Q. 6" φ(P ) � φ(Q) @ )� l′ 
�
φ()� lX ��)� φ(PQ) = l′. L φ(X) ∈ l′. 63"�5 φ(Σ) ⊂ l′.
$G� φ &�

��	KN	$7F φ−1 : Σ′ → Σ @()���)
�	 �
�� 2.2 � φ : E3 → E3 �
�����& φ−1 : E3 → E3 @�


����	
�� %0RY	� φ−1 (M�� l′ �?! A′, B′, C′ +M���&
D��?! A, B, C. � Σ �**)� AB � AC ����	l%
DE 2.1 �RF+G"� φ(Σ) ⊂ l′. I)� l, �:� Σ '*
!
O. Æ�7 φ(l) = l′′. & l′ � l′′ �uD! φ(O). � Σ′ �
���)�
l′ � l′′ ��	��� Y ∈ E3,   @ Y �)� lY +M* l, Σ "&
+�"! R, S. 6" φ(R) ∈ l′′, φ(S) ∈ l′, & φ ()� lY ��� Σ′


�
�)�	L φ(Y ) ∈ Σ′. $G�Æ�"� φ(E3) ⊂ Σ′. $: φ �

�����*KN	"�� φ−1 @()���)��6 φ−1 @�

����	 �
63�Æ�;?"�	��

+, 2.1

(1) ����(**)���**)�I
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(2) ����(8�)���8�)�I

(3) ����(8Sb���8Sb�I

(3) ����(����I

(4) ����(**���**�I

(5) ����(8���8�I

(6) 3�������S�
���/���������1	

(7) � Σ 
�3�����S�
���/�������
�1	

�� 2.3 � φ : E3 → E3 �����	� V � E3 ��3���S
����	��� a ∈ V, Æ�I"! A,B ∈ E3,  " a =

−−→
AB. Æ�

.7���� φ 3������ φ : V → V �

φ(a) =
−−−−−−→
φ(A)φ(B).

$-�Æ�%+G�7W φ %��������3�������
��	

� C,D �0I"!��� a =
−−→
CD. 6" {A,B,C,D} �8S

b��Sc!�& {φ(A), φ(B), φ(C), φ(D)} �8Sb��Sc
!�L −−−−−−→

φ(A)φ(B) =
−−−−−−−→
φ(C)φ(D).

"������ φ : V → V �.7��G�	

�� 2.3 ���� φ ������ φ : V → V ��	��/5

(1) φ(0) = 0 �2& φ(a) = 0 '&'' a = 0;

(2) φ(a + b) = φ(a) + φ(b);

(3) φ(a − b) = φ(a) − φ(b);

(4) ����G	 q [ a ∈ V � φ(qa) = qφ(a).

(5) ���KgY	 λ �  !
KgY	 μ � "����� a �
H� φ(λa) = μφ(a).

19
46



�� (1). 6.7�� φ(0) = φ(
−→
AA) =

−−−−−−→
φ(A)φ(A) = 0. !$ a =

−−→
AB

 " φ(a) = 0, &�
−−−−−−→
φ(A)φ(B) = 0 �3	 φ(A) = φ(B). A� φ �


���L A = B �6 a = 0.

(2) I���?! A,B,C ∈ E3 � " a =
−−→
AB � b =

−−→
BC. 6.

7��

φ(
−−→
AB +

−−→
BC) = φ(

−→
AC) =

−−−−−−→
φ(A)φ(C) =

−−−−−−→
φ(A)φ(B) +

−−−−−−−→
φ(B)φ(C),

L φ(a + b) = φ(a) + φ(b). "�����Y	 m � φ(ma) = mφ(a).

(3)6�/ (2)"� φ(a−b)+φ(b) = φ(a)�L φ(a−b) = φ(a)−φ(b).
�MI a = 0+�"� φ(−b) = −φ(b). "����Y	 m� φ(ma) =
mφ(a).

(4) � q = m/n ��� m � n �Y	�& n �= 0. A� φ(a) =
φ(n(a/n)) = nφ(a/n), 3	 φ(a/n) = φ(a)/n. L�

φ(qa) = φ(ma/n) = mφ(a/n) = mφ(a)/n = qφ(a).

(5) ��
KgY	 λ. I����
Kg�� a =
−→
OA. L

λa =
−−→
OA′ �& O � A � A′ ?!D�	A� φ �
�����3

	 φ(O) � φ(A) � φ(A′) @?!D�	"�  KgY	 μ � "−−−−−−−→
φ(O)φ(A′) = μ

−−−−−−→
φ(O)φ(A) �6 φ(λa) = μφ(a). � b �: a &D��


��	L b =
−−→
OB � λb =

−−→
OB′.

, 2-1
A�")� AA′ � BB′ 8�φ ������3	)� φ(A)φ(A′) :
φ(B)φ(B′) @8/O5, 2-1), 2&@�

−−−−−−−→
φ(O)φ(B′) = μ

−−−−−−−→
φ(O)φ(B) �

6 φ(λb) = μφ(b). m ã �
: a D��Kg���6" ã : b &
D��+G6 φ(λb) = μφ(b) �	�� φ(λã) = μφ(ã). "�����
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Kg�� b �� φ(λb) = μφ(b). A� φ(b) �= 0 � μ 6 λ 3!
,
.	96��A φ(λb) = μφ(b) � λ = 0 > b = 0 @�6�J	L�
/ (5) �J	 �

�� 2.1 � φ : E
3 → E

3 �
�����& φ �����
� φ : V → V ������6��� λ, μ ∈ R ��� a,b ∈ V <�
φ(λa + μb) = λφ(a) + μφ(b).

�� 6DE 2.2 ��/ (5) C����KgY	 λ �  !
Kg
Y	 μ � "����� a �H� φ(λa) = μφ(a). !$ λ > 0, &�√
λ�  KgY	 ν � "���Kg�� a�<� φ(

√
λa) = νφ(a).

63"�

φ(λa) = φ(
√
λ(
√
λa)) = νφ(

√
λa) = ν2φ(a).

"�Æ�CG�!$ λ > 0�&�3��� μ > 0. 6 φ(−λa)) = −μφ(a)
C�!$ λ < 0 �&���� μ < 0. $GÆ�'� λμ > 0. 	�Æ�
%0RYRF5 λ = μ. m&6�&  
�G	 q � " λ− q �
μ− q pW	$+�l%DE 1.13 ��/ (iv) �

φ((λ− q)a) = φ(λa) − qφ(a) = (μ− q)φ(a).

v$+n� (λ − q)(μ − q) < 0 �Æ�"�
KN	$GÆ�RF
�����KgY	 λ �Kg�� a �H� φ(λa) = λφ(a). "���
�� λ, μ ∈ R ��� a,b ∈ V �<�

φ(λa + μb) = φ(λa) + φ(μb) = λφ(a) + μφ(b). �

�� 2.4 � φ : Σ → Σ′ ������	� VΣ � VΣ′ +M�
� Σ � Σ′ 
�3���S����	��� a ∈ VΣ, Æ�I"
! A,B ∈ Σ,  " a =

−−→
AB. Æ�.7���� φ 3������

φ : VΣ → VΣ′ �
φ(a) =

−−−−−−→
φ(A)φ(B).

+G�$.7��G�	

:�������o�
G�Æ��

�� 2.2 � φ : Σ → Σ′ �
�����& φ ������
φ : VΣ → VΣ′ ������6��� λ, μ ∈ R ��� a,b ∈ V <�
φ(λa + μb) = λφ(a) + μφ(b).
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2.2 '��	5q�-

�� 2.3 ����>��(D��?!��D��?!�2�%
+w&�	

�� � A, B � C �D�?!	A����� φ ()���)��
3	 φ(A), φ(B) � φ(C) @�D��?!	� A, B � C ?!�+w

(A,B;C) = λ �&�
−→
AC = λ

−−→
CB. "��6.G 2.1 >.G 2.2 C

−−−−−−→
φ(A)φ(C) = φ(

−→
AC) = λφ(

−−→
CB) = λ

−−−−−−−→
φ(C)φ(B).

L φ(A), φ(B) � φ(C) ?!�+w@� λ. �

�� 2.4 !$���� φ �"&*! A � B, & φ �%)�
AB 
�3�!&*	

�� � C �)� AB 
p" B �!�&
−→
AC = λ

−−→
CB. 6.G

2.2 C
−−−−−−→
φ(A)φ(C) = λ

−−−−−−−→
φ(C)φ(B). A� φ(A) = A � φ(B) = B, 3	−−−−→

Aφ(C) = λ
−−−−→
φ(C)B. 63"�

−→
AC +

−−−−→
Cφ(C) = λ

−−−−→
φ(C)C + λ

−−→
CB.

L (1 + λ)
−−−−→
φ(C)C = 0. 6" C �= B, 3	 λ+ 1 �= 0, L φ(C) = C. �

�� 2.5 !$���� φ �?&D��&*! A, B � C, & φ
�%3?!3,.�� Σ 
�3�!&*	
�� ����� φ : E3 → E3 �?&D��&*! A, B � C, &
6DE 2.3 C� φ �%?)� AB, BC � AB 
�3�!&*	F�
X � A, B � C 3,.� Σ 
��
!	@ X & � Σ 
�

)� l F:?)� AB, BC � AB *"! P � Q. 6" P � Q � φ
�&*!�L6DE 2.3 C� l 
�3�!&*	"� X @� φ �&
*!	 �
�� 2.6 !$���� φ : E

3 → E
3 �S&D��&*! A, B,

C � D, & φ F�H+��	
�� � Σ1, Σ2, Σ3 � Σ4 � {A,B,C,D} S!3S��S�a�S
�	A�)�<� φ �?&D��&*!�3�S�
�3
�!� φ �&*!	F� X ������#
!�&@ X �)� l
HH:S�a��*""! P � Q. 6" P � Q � φ �&*!�6
DE 2.3 C� l 
�3�!<� φ �&*!	L X � φ �&*!	 �
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�� 2.4 �����"r&D��S! {A,B,C,D}� {A′, B′, C′, D′},
  !

���� φ : E3 → E3,  "

φ(A) = A′, φ(B) = B′, φ(C) = C′, φ(D) = D′.

�� NR  �	� {A,B,C,D} � {A′, B′, C′D′} �"r&D��
S!	&
{−−→AB,−→AC,−−→AD} ����&D����	"����� P ∈ E3,   !

Y	 x, y � z,  "

−→
AP = x

−−→
AB + y

−→
AC + z

−→
AC. (2.2.1)

Æ�.7 φ(P ) ∈ E3 ���	�:x�!
!5

−−−−→
A′φ(P ) = x

−−−→
A′B′ + y

−−→
A′C′ + z

−−→
A′C′. (2.2.2)

�� P ′ ∈ E3,   !
 (x, y, z) ��

−−→
A′P ′ = x

−−−→
A′B′ + y

−−→
A′C′ + z

−−→
A′C′. (2.2.3)

(3 (x, y, z) �p (2.2.1) Sb�&  !
 P ∈ E3 �� (2.2.1). 6
φ(P ) �.7� (2.2.3) Æ�"� φ(P ) = P ′. L φ : E3 → E3 �


����	A� A !�� (2.2.1) �� (x, y, z) = (0, 0, 0) �6
(2.2.2) C

−−−−→
A′φ(A) = 0 �L φ(A) = A′. A� B �� (2.2.1) ��

(x, y, z) = (1, 0, 0) �6 (2.2.2) C
−−−−→
A′φ(B) =

−−−→
A′B′, L φ(B) = B′. +G

"� φ(C) = C′ � φ(D) = D′. $G� φ : E3 → E3 �
�����
�( {A,B,C,D} +M�� {A′, B′, C′, D′}.
	�UoRF5 φ : E3 → E3 (D�?!��D��?!	� P ,

Q � R �D��?!	&  t ∈ R  "

−→
AR = t

−→
AP + (1 − t)

−→
AR.

F�

−→
AP = x1

−−→
AB + y1

−→
AC + z1

−→
AC,

−→
AQ = x2

−−→
AB + y2

−→
AC + z2

−→
AC.

&�

−→
AR = (tx1 + (1− t)x2)

−−→
AB + (ty1 + (1− t)y2)

−→
AC + (tz1 + (1 − t)z2)

−→
AC.
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6.7"�

−−−−→
A′φ(R) = (tx1+(1−t)x2)

−−−→
A′B′+(ty1+(1−t)y2)

−−→
A′C′+(tz1+(1−t)z2)

−−→
A′C′

= t(x1

−−−→
A′B′ + y1

−−→
A′C′ + z1

−−→
A′C′) + (1 − t)(x1

−−−→
A′B′ + y1

−−→
A′C′ + z1

−−→
A′C′)

= t
−−−−→
A′φ(P ) + (1 − t)

−−−−→
A′φ(Q).

L φ(P ), φ(Q) � φ(R) @D�	

	�RF!
�	!$ ψ : E3 → E3 �
������@(
{A,B,C,D} +M�� {A′, B′, C′, D′}. L σ = ψ ◦ φ−1 : E

3 → E
3.

& σ �
������	&D��S! {A,B,C,D} �&*!	6
DE 2.5 C� σ �H+��	L ψ = φ, !
��J	 �
OZ.G 2.4 �RF�;?"�

�� 2.5 ��� Σ� Σ′
&D��?! {A,B,C}� {A′, B′, C′},
  !

���� φ : Σ → Σ′,  "

φ(A) = A′, φ(B) = B′, φ(C) = C′.

�� 2.5 � M � M ′ ��/>��1��",�	!$  
�/>��1����� φ,  " φ(M) = M ′, Æ��,� M � M ′

����q�	

+, 2.2

(1) �
�#"?9����qI

(2) ����#"S�a���q	

�� 2.6 � φ : E3 → E3 �
��������������
�� φ : V → V. �I V ��
ry {e1, e2, e3}, Æ�.7���� φ

���<	 C(φ) �

C(φ) =
[φ(e1), φ(e2), φ(e3)]

[e1, e2, e3]
.

�� 2.6 ���� φ ���<	 C(φ) �: {e1, e2, e3} �VI;
#�2���"���� φ, ψ : E3 → E3, � C(φ ◦ ψ) = C(φ)C(ψ).
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�� � {e′1, e′2, e′3}������0
ry	&  Y	 {ai, bi, ci, 1 ≤
i ≤ 3}  "

e′1 = a1e1 + a2e2 + a3e3,

e′2 = b1e1 + b2e2 + b3e3,

e′3 = c1e1 + c2e2 + c3e3.

A� φ : V → V ������3	�

φ(e′1) = a1φ(e1) + a2φ(e2) + a3φ(e3),

φ(e′2) = b1φ(e1) + b2φ(e2) + b3φ(e3),

φ(e′3) = c1φ(e1) + c2φ(e2) + c3φ(e3).

6��az��/)Æqi�"�

[e′1, e
′
2, e

′
3] = [e1, e2, e3] ·

∣∣∣∣∣∣
a1 b1 c1
a2 b2 c2
a3 b3 c3

∣∣∣∣∣∣ ,

[φ(e′1), φ(e′2), φ(e′3)] = [φ(e′1), φ(e′2), φ(e′3)] ·
∣∣∣∣∣∣
a1 b1 c1
a2 b2 c2
a3 b3 c3

∣∣∣∣∣∣ .

"���
[φ(e′1), φ(e′2), φ(e′3)]

[e′1, e
′
2, e

′
3]

=
[φ(e1), φ(e2), φ(e3)]

[e1, e2, e3]
.

L��<	 C(φ) �: {e1, e2, e3} �VI;#	
L {e′1, e′2, e′3} = {ψ(e1), ψ(e2), ψ(e3)}, &�

C(φ ◦ ψ) =
[φ(ψ(e1)), φ(ψ(e2)), φ(ψ(e3))]

[e1, e2, e3]

=
[φ(e′1), φ(e′2), φ(e′3)]

[e′1, e′2, e′3]
· [ψ(e1), ψ(e2), ψ(e3)]

[e1, e2, e3]
= C(φ)C(ψ). �

	�Æ�����<	 C(φ) ���#7	6.7���az��
�#7C� C(φ) > 0 '&'' φ : E3 → E3 �
�.�����6
�(SPTXQ��SPTXQI� C(φ) < 0 '&'' φ : E3 → E3

�
0.�����6�(SPTXQ��UPTXQ		�Æ�
rs |C(φ)| ��7	
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����� φ : E3 → E3 (���
{|�;t S ��L

{|�;t S′ = φ(S)(O5, 2-2).

, 2-2
��qi;t S �az�Æ�IsAl=� 1/n �i:u cn v

�NZ}~�;t��)�~&��t	$+�3�i:u�az'
� Vn :;t S �az V (K<Æw	Cu,Z7�Æ��	 "
limn→∞ Sn = V . A����� φ( S ��)i:u cn ��;t S′

��i8_�a c′n = φ(cn). �i:u cn �6?�� {e1, e2, e3}
3S���& c′n �6�� {φ(e1), φ(e2), φ(e3)} 3S��	A�

|C(φ)| =
|[φ(e1), φ(e2), φ(e3)]|

|[e1, e2, e3]| ,

3	 c′n�az� cn ���azw���<	 |C(φ)|, 6 |c′n| = |C(φ)||cn|.
L;t S′ �3�i8_�a�az'� V ′

n = |C(φ)|Vn. $G;t
S′ �az V ′ = |C(φ)|V . "��Æ�RF�	��

�� 2.7 ����� φ : E3 → E3 (����
;t S ��0

;t S′, & S′ : S �azw V ′/V �<	 |C(φ)|, �:;t S �

VI;#	

&� II-2

1. �
"rD�?! {A,B,C} � {A′, B′, C′} ���q�'&''
(A,B;C) = (A′, B′;C′).

1. � Σ � Σ′ �����"��	!$ φ : Σ → Σ′ �


�
���( Σ��)��� Σ′ ��)��Æ�$� φ�� Σ�� Σ′

�����	RF5��� Σ 
�&D�?! {A,B,C} � Σ′ 
�

&D�?! {A′, B′, C′},   !
���� φ : Σ → Σ′,  " φ(A) = A′,

φ(B) = B′ � φ(C) = C′.
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1. � φ : Σ → Σ��
�
����	�I���� V ��
r
y {e1, e2, e3}, " {e1, e2}@ �
	Æ�.7����� φ��

�<	�
C(φ) =

[φ(e1), φ(e2), e3]

[e1, e2, e3]
.

RF5 C(φ)�.7:$fy {e1, e2, e3}�VI;#�2���"
����� φ, ψ : Σ → Σ, � C(φ ◦ ψ) = C(φ)C(ψ).

1. ������ φ : Σ → Σ (�
�
�vxw D ��0

�vxw D′, & D′ : D ��zw |D′|/|D| �<	 |C(φ)|, �:�v
xw D ;#	
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§3 '��	.���	5/xy0

3.1 '��	5/xy0

�� 3.1 � O �����
!� {e1 , e2, e3} ����� V �
r
y	Æ�� {O; e1, e2, e3} �����
��zXT/��XQ1	
�� 3.1 � {O; e1, e2, e3} �����
��zXT� φ : E3 →

E3 �
�����& {φ(O);φ(e1), φ(e2), φ(e3)} @����

��zXTI0��������"��zXT {O; e1, e2, e3} �
{O′; e′1, e′2, e′3},   !
����� φ : E3 → E3, �( {O; e1, e2, e3}
�� {O′; e′1, e

′
2, e

′
3}.

�� � {O; e1, e2, e3} �����
��zXT� φ : E3 → E3 �


����	6" {φ(e1), φ(e2), φ(e3)} @����� V �
ry�
L {φ(O);φ(e1), φ(e2), φ(e3)} @����
��zXT	
0��� {O; e1, e2, e3} � {O′; e′1, e

′
2, e

′
3} �����"��zX

T	&  !
"r&D��S! {O,A,B,C} � {O′, A′, B′, C′},  
"

e1 =
−→
OA, e2 =

−−→
OB, e3 =

−−→
OC, e′1 =

−−→
O′A′, e′2 =

−−−→
O′B′, e′3 =

−−−→
O′C′.

6.G 2.4 C�  !
���� φ : E3 → E3, �( {O,A,B,C} +
M�� {O′, A′, B′, C′}. L�

φ(O) = O′, φ(e1) = e′1, φ(e2) = e′2, φ(e3) = e′3. �

Æ� ���I.
zXT {O; e1, e2, e3}. &�� P ∈ E3,   
!
�?`	r (x, y, z),  "

−−→
OP = xe1 + ye2 + ze3 = (e1, e2, e3)

⎛
⎝xy
z

⎞
⎠ .

Æ�� (x, y, z) � P ! zXT {O; e1, e2, e3} ��zX	96���
��!�!�zX�

���	

� φ : E3 → E3 �
����	&�����������
φ : V → V. A� {φ(e1), φ(e2), φ(e3)} @� V �
ry�Æ��	{�
Y	 {aij},  "

φ(e1) = a11e1 + a21e2 + a31e3;
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φ(e2) = a12e1 + a22e2 + a32e3;

φ(e3) = a13e1 + a23e2 + a33e3.

��:kd5�Æ�(
AP�y|��z�A5

(φ(e1), φ(e2), φ(e3)) = (e1, e2, e3)

⎛
⎝a11 a12 a13

a21 a22 a23

a31 a32 a33

⎞
⎠ . (3.1.1)

� φ(O) ���zX� (c1, c2, c3). �I
! P , ��zX� (x, y, z).
Æ�7 φ(P ) �zX� (x′, y′, z′). &�

−−−−→
Oφ(P ) = (e1, e2, e3)

⎛
⎝x

′

y′

z′

⎞
⎠ ;

−−−−→
Oφ(O) = (e1, e2, e3)

⎛
⎝c1c2
c3

⎞
⎠ .

6" φ : V → V ������Æ��

φ(
−−→
OP ) = φ(xe1 + ye2 + ze3) = xφ(e1) + yφ(e2) + zφ(e3)

= (φ(e1), φ(e2), φ(e3))

⎛
⎝xy
z

⎞
⎠ = (e1, e2, e3)

⎛
⎝a11 a12 a13

a21 a22 a23

a31 a32 a33

⎞
⎠

⎛
⎝xy
z

⎞
⎠ .

A� −−−−→
Oφ(P ) =

−−−−−−→
φ(O)φ(P ) +

−−−−→
Oφ(O) = φ(

−−→
OP ) +

−−−−→
Oφ(O),

B@wz e1, e2 � e3 �T	�Æ�"�⎛
⎝x

′

y′

z′

⎞
⎠ =

⎛
⎝a11 a12 a13

a21 a22 a23

a31 a32 a33

⎞
⎠

⎛
⎝xy
z

⎞
⎠ +

⎛
⎝c1c2
c3

⎞
⎠ . (3.1.2)

"������ φ(zX� (x, y, z) �!��zX� (x′, y′, z′) �!�
(3.2) ��$"zX���#TA	Æ�� (3.1.2) ����� φ :
E3 → E3  ��zXT {O; e1, e2, e3} ��zX��P
Æ�7

X =

⎛
⎝xy
z

⎞
⎠ , φ(X) =

⎛
⎝x

′

y′

z′

⎞
⎠ , A =

⎛
⎝a11 a12 a13

a21 a22 a23

a31 a32 a33

⎞
⎠ , C =

⎛
⎝c1c2
c3

⎞
⎠ .
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6 (3.1) C�

[φ(e1), φ(e2), φ(e3)] = [e1, e2, e3]

∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣ = [e1, e2, e3]|A|,

�� |A| �y| A �8{A	63������� φ �azw�

C(φ) =
[φ(e1), φ(e2), φ(e3)]

[e1, e2, e3]
= |A|.

A������azw C(φ) �= 0, 6y|G|C�y| A ��1y

|	"������ φ : E3 → E3  ��zXT {O; e1, e2, e3} ���
�

φ(X) = AX + C,

�� A �
�1y|	

0���.
�1y| A �<	r (c1, c2, c3), Æ�.7�� φ :
E3 → E3,�(zX� X �! P ,��zX� AX+C �! φ(P ). � E3

���#
! P ′, ��zX� X ′, Æ�B@r��:x AX+C = X ′,
e"!
�zX� X = A−1(X ′ − C) �! P ,  " φ(P ) = P ′. $
G φ : E3 → E3 �

��	F� {P,Q,R} ?!D�������
zX+M� {X,Y, Z}. &  t ∈ R,  " Z = tX + (1 − t)Y . A
� {φ(P ), φ(Q), φ(R)} �zX+M� X ′ = AX + C, Y ′ = AY + C �

Z ′ = AZ + C, 3	�

Z ′ = AZ + C = A(tX + (1 − t)Y ) + C

= t(AX + C) + (1 − t)(AY + C) = tX ′ + (1 − t)Y ′.

L {φ(P ), φ(Q), φ(R)}@?!D�	$G�6zX�� X → X ′ = AX+
C ��!��� φ : E

3 → E
3 ()���)�������	

}
3}�Æ�"�

�� 3.2 I.��zXT {O; e1, e2, e3}. &������
�
��� φ : E3 → E3 �zX��

⎛
⎝x

′

y′

z′

⎞
⎠ =

⎛
⎝a11 a12 a13

a21 a22 a23

a31 a32 a33

⎞
⎠

⎛
⎝xy
z

⎞
⎠ +

⎛
⎝c1c2
c3

⎞
⎠ ,
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�� A =

⎛
⎝a11 a12 a13

a21 a22 a23

a31 a32 a33

⎞
⎠ �8{AKg� C =

⎛
⎝c1c2
c3

⎞
⎠ �<	r��

φ (zX� (x, y, z) �!��zX� (x′, y′, z′) �!	

�� 3.2 � O �� Σ ��
!� {e1, e2} ����� VΣ �

ry	Æ�� {O; e1, e2} �����
��zXT/��XQ1	
6.G 2.5 Æ��	"�

�� 3.3 � {O; e1, e2}�����
��zXT�φ : Σ → Σ′ �

"��������& {φ(O);φ(e1), φ(e2)}�� Σ′ 
�

��zXTI0����� Σ� Σ′ 
�"��zXT {O; e1, e2}
� {O′; e′1, e′2},   !
����� φ : Σ → Σ′, �( {O; e1, e2} ��
{O′; e′1, e

′
2}.

I.� Σ 
�
��zXT	&� P ∈ E3,   !
�	�
(x, y),  "

−−→
OP = xe1 + ye2 = (e1, e2)

(
x
y

)
.

Æ�� (x, y) � P ! zXT {O; e1, e2} ��zX	96�� Σ �
�!�!�zX�

���	+G�R�

�� 3.4  � Σ 
I.��zXT {O; e1, e2}. &��
�
��� φ : Σ → Σ �zX��

(
x′

y′

)
=

(
a11 a12

a21 a22

) (
x
y

)
+

(
c1
c2

)
,

��y| A =
(
a11 a12

a21 a22

)
�8{AKg�C =

(
c1
c2

)
�
<	r	

3.2 ���	5/xy0

�� 3.3 � O ����
!� {e1 , e2, e3} ����� V �
4
k�*XQ	Æ�� {O; e1, e2, e3} �����
4k�*zXT	
6.7C� {e1, e2, e3} �4k�*XQ'&''

⎛
⎝e1e2
e3

⎞
⎠ · (e1, e2, e3) = I, I =

⎛
⎝1 0 0

0 1 0
0 0 1

⎞
⎠ ,
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����AUb�	Gr� 3× 1 y|� 1× 3 y|��z�J�`Z
ei � ej ����z��z�~	

� φ : E3 → E3 �
����	A� φ ()���)��3	 φ
@�
������������
���� φ : V → V.

�� 3.5 � φ : E3 → E3 �
����	&�������
φ : V → V  "���� a,b ∈ V, �

|φ(a)| = |a|, φ(a) · φ(b) = a · b.

�� 6" φ �% E3 ��#"!��#&��L��� a =
−−→
PQ ∈ V

�

|φ(a)| = |φ(
−−→
PQ)| = |−−−−−−→φ(P )φ(Q)| = d(φ(P ), φ(Q)) = d(P,Q) = |−−→PQ| = |a|.

6 φ : V → V ����"�

φ(a) · φ(b) =
1
4
(|φ(a + b)|2 − |φ(a − b)|2)

=
1
4
(|a + b|2 − |a − b|2) = a · b. �

�� 3.6 � {O; e1, e2, e3}�����
4k�*XQ�φ : E3 →
E3 �
�����& {φ(O);φ(e1), φ(e2), φ(e3)} @����
4
k�*XQI0��������"4k�*XQ {O; e1, e2, e3} �
{O′; e′1, e′2, e′3},   !
����� φ : E3 → E3, �( {O; e1, e2, e3}
�� {O′; e′1, e

′
2, e

′
3}.

�� 6.G 3.5 C�!$ {O; e1, e2, e3} �����
4k�*X
Q�& {φ(e1), φ(e2), φ(e3)} @�
4k�*XQ	
0��6.G 3.1C�������"4k�*XQ {O; e1, e2, e3}

� {O′; e′1, e′2, e′3},   !

���� φ : E3 → E3,  "

φ(O) = O′, φ(e1) = e′1, φ(e2) = e′2, φ(e3) = e′3.

	�RF φ�
����	�I P,Q ∈ E3,7
−−→
PQ = xe1 +ye2 +ze3,

&6 φ : V → V ����"�

−−−−−−→
φ(P )φ(Q) = φ(

−−→
PQ) = xe′1 + ye′2 + ze′3.
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A� {O; e1, e2, e3} � {O′; e′1, e
′
2, e

′
3} <�4k�*XQ�L�

d(φ(P ), φ(Q)) = |φ(
−−→
PQ)| =

√
x2 + y2 + z2 = |−−→PQ| = d(P,Q).

$G� φ : E3 → E3 �����	 �
F� {e1, e2, e3} ����
4k�*XQ� φ : E3 → E3 �


����	& {φ(e1), φ(e2), φ(e3)} @�
4k�*XQ	Æ�7
(φ(e1), φ(e2), φ(e3)) = (e1, e2, e3)A,

�� A �
 3 × 3 y|	B@�
}y|�z�=�4i�"�
⎛
⎝φ(e1)
φ(e2)
φ(e3)

⎞
⎠ = A′

⎛
⎝e1e2
e3

⎞
⎠ ,

��� A′ � A �=�y|	"�� {φ(e1), φ(e2), φ(e3)} @�4k�
*y�'&''

I =

⎛
⎝φ(e1)
φ(e2)
φ(e3)

⎞
⎠·(φ(e1), φ(e2), φ(e3)) = A′

⎛
⎝e1e2
e3

⎞
⎠·(e1, e2, e3)A = A′IA = A′A.

$G A ��� A′A = I �y|��� 1Æ23. 6 A′A = I, ��
A′ = A−1, ��"� AA′ = I.

6	
~|�.G 3.2, Æ�"�

�� 3.7 I.��zXT {O; e1, e2, e3}. &������
�
��� φ : E3 → E3 �zX��

⎛
⎝x

′

y′

z′

⎞
⎠ =

⎛
⎝a11 a12 a13

a21 a22 a23

a31 a32 a33

⎞
⎠

⎛
⎝xy
z

⎞
⎠ +

⎛
⎝c1c2
c3

⎞
⎠ ,

�� A =

⎛
⎝a11 a12 a13

a21 a22 a23

a31 a32 a33

⎞
⎠ ��*y|� C =

⎛
⎝c1c2
c3

⎞
⎠ �<	r�� φ

(zX� (x, y, z) �!��zX� (x′, y′, z′) �!	

B<�Æ�� O(3) = {A | AA′ = I} � 3 ��*��� SO(3) =
{A | AA′ = I, |A| = 1} � 3 �<=�	
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�� 3.4 � O �� Σ 

!� {e1, e2} ��
*V�*�"
��	Æ�� {O; e1, e2} ��
�
4k�*XQ	
� Σ ��	 �
I.4k�*zXT {O; e1, e2}. +GÆ�

�	RF5������
���� φ : Σ → Σ �!
��
(
x′

y′

)
=

(
a11 a12

a21 a22

) (
x
y

)
+

(
c1
c2

)
,

�� A =
(
a11 a12

a21 a22

)
�
 2 ��*y|� C =

(
c1
c2

)
�
<	

r	

6" A �� AA′ = I, Æ��

a2
11 + a2

12 = 1, a2
21 + a2

22 = 1, a11a21 + a21a22 = 0. (3.2.1)

IY	 θ  " (a11, a12) = (cos θ, sin θ),&6 (3.2.1)�"� (a21, a22) =
(− sin θ, cos θ), �� ε = ±1. L�

A =
(

cos θ sin θ
−ε sin θ ε cos θ

)
, ε = |A| = ±1. (3.2.2)

$GÆ��

�� 3.8 � Σ ��	 �
I.4k�*zXT {O; e1, e2}.
&�
�)���� φ : Σ → Σ �zX��

(
x′

y′

)
=

(
cos θ sin θ

−ε sin θ ε cos θ

) (
x
y

)
, ε = ±1,

�� ε = 1/ ε = −1 1�� φ ��.�/0.�1������ θ �
φ(e1) � e1 ���U9�� φ (zX� (x, y) �!��zX� (x′, y′)
�!	

&� II-3

1. � {O; e1, e2} � {O′; e′1, e
′
2} +M�"� Σ � Σ′ 
"4k�

*XQ	RF5  !
����� φ : Σ → Σ, �( {O; e1, e2} ��
{O′; e′1, e

′
2}.
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����� ���������
	

§1 �����
1.1 ��������������������� �!�"�#�$�%�&�'

{O; e1, e2, e3}. ( P ) ����+*,-/.01 −−→
OP ) P

,!#243+56/7843+59: −−→
OP = xe1 +

ye2 + ze3,
��!;<,

P => *?@A!B& (x, y, z).
7C-/.0

D ,
P E A!B& (x, y, z) FGHI -/J ) P = (x, y, z).KML

1.1
.M0M1M8

O
,MNMOMPMQ

e1, e2, e3

!MRMSM9MT ) x− U -
y− U - z− U -WVM1 ) BM& UMX 1Y3Z5 e1, e2, e3

!M[Y3Z9MT ) x U - yU - z U !M$M[Y3 X 1 {O; e1, e2} \M] !MOM^ ) xy
O/^ X 1 {O; e2, e3}\] !O^ ) yz

O^ X 1 {O; e1, e3} \] !O^ ) xz
O^6`_a<

O^V1 ) B&O^6b�c
1.1,

a�<�B�&�O�^ D ����9�d ]�e <�f�g�6/;�<�f�g�1 ) *<hi6kjl
z > 0

!himn<-kop
xy
O^n<fg!qVrs9T ) hi I,II,III,IV;

jl
z < 0

!himn<-top
xy
O^n<fg!qVrs9T ) hi V,VI,VII,VIII.

c
1.13Z5M�M�

V
�Z!M;M<Y3Z5

a =MuM> *MvMw ] a = a1e1+a2e2+a3e3..x0 D
a E Ax�xy {e1, e2, e3} z !xBx& (a1, a2, a3) FxGxHxI -/J )

a = (a1, a2, a3).
Q{-

e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1).

( a = (a1, a2, a3), b = (b1, b2, b3) E c = (c1, c2, c3) ) �M�Y�Z!MaM<3+56`| ) {e1, e2, e3}
{*<�� !"#$%&'-`}43+54~+�-

1
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�� E� ���9T )
a · b = a1b1 + a2b2 + a3b3; (1.1.1)

a × b =

(∣

∣

∣

∣

a2 a3

b2 b3

∣

∣

∣

∣

,−
∣

∣

∣

∣

a1 a3

b1 b3

∣

∣

∣

∣

,

∣

∣

∣

∣

a1 a2

b1 b2

∣

∣

∣

∣

)

; (1.1.2)

[a,b, c] =

∣

∣

∣

∣

∣

∣

a1 a2 a3

b1 b2 b3

c1 c2 c3

∣

∣

∣

∣

∣

∣

. (1.1.3)

7xCx-/�x���`! cx� ux� 7x8 cx� �`,x!xBx&x�xjxlx!x[x� Ix�� 6/� b� �+��
(x0, y0, z0)

,-/�� ) r
!�^{4�+jl[�

(x − x0)
2 + (y − y0)

2 + (z − z0)
2 − r2 = 0 (1.1.4)

!�,
(x, y, z)

��� ] 6 � z− U�)�U ����� ) r
!�����^�}�{���j�l

[�
x2 + y2 − r2 = 0 (1.1.5)!,

(x, y, z)
�� ] 6�.01[� (1.1.4) ) �^[�-�1 (1.1.5) ) �^[�6

*��-/*�4�+^���m!�, u��� *<�[�� F (x, y, z) = 0
!�

m: I vw6�.01 F (x, y, z) = 0 ) _�4�+^![�6���4�+!*��+S} u��� <� ![�
{

F (x, y, z) = 0
G(x, y, z) = 0

I vw-+A u¡) �+^
F (x, y, z) = 0 E �+^ G(x, y, z) = 0

!%S6
¢ �M-W�Z^M£ uM�M�M� <M¤M¥M!M¤M¥M[M� I vMwM6¦� b -¦[M� (1.1.4)�§v!�^ u���z !¤¥[� I v/w �







x = x0 + r cos θ cosϕ
y = y0 + r sin θ cosϕ

z = z0 + r sin ϕ
, θ ∈ [0, 2π], ϕ ∈ [0, π]; (1.1.6)

¨ [�
(1.1.5)

�§v!�^ u���z !¤¥[� I vw �






x = r cos θ
y = r sin θ

z = ϕ
, θ ∈ [0, 2π], ϕ ∈ R. (1.1.7)

.01
(1.1.6) E (1.1.7)

�+!
θ E ϕ

1 ) �+^! � <¤¥6

2
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��4�+!*�4�+S u�� *<¤¥!¤¥[� I vw �






x = f(t)
y = g(t)
z = h(t)

, t ∈ (a, b), (1.1.8)

© �
f(t), g(t) E h(t) )ª <f� (a, b)

�!«¬¥6�� b -®�+�^
(1.1.5)

�!*�¯°S!¤¥[� )






x = r cos t
y = r sin t

z = ct
, t ∈ R, (1.1.9)

© �
c )±² C¥6/³´�-/µ.0 D *<a¶ �·¸ �4�+�^¹-a�¶ � !�º�������^���� � ] !���S�»�{�*���¯�°�S ( ¼ ��½�¾�¿�À

z) �+Á ).

1.2 �����Â��
ÃMÄ

1.1
�M�Y�Z!MOM^M�M?M@M![� ) Ax+By +Cz +D = 0,

©�
A, B, C, D ) C¥-/N n = (A, B, C) 6= 0.ÅÆ ( Σ ) O^6t� ±² 3+5 n = (A, B, C) Ç RQ Σ.

�
Σ
���

*,
Q = (x0, y0, z0).

}
Σ
�!ÈÉ*,

P = (x, y, z)
jl[�

A(x − x0) + B(y − y0) + C(z − z0) = n · −−→QP = 0.

Ê
D = −(Ax0 + By0 + Cz0),

}�O�^
Σ
��!���m�,�j�l�[��

Ax +

By + Cz + D = 0. Ë�Ì -/Í���[�� Ax + By + Cz = D,
© �

n =
(A, B, C) 6= 0.

}Î�
Q = (x0, y0, z0)

jl
Ax0 + By0 + Cz0 = D.

}
[�

Ax + By + Cz = D
!ÈÉ:

P = (x, y, z)
jl

−−→
QP · n = A(x − x0) + B(y − y0) + C(z − z0) + (D − D) = 0.

J
Σ ) 8 Q

,MNMÏ
n Ç RM! > *MOM^M6Ð}M[M� Ax+By +Cz +D = 0!�m:Ñ�O^

Σ
�6

�ÒÓ
1.1

�O^[�
Ax + By + Cz + D = 0

�+-
n = (A, B, C)

§
vO^!*<Ô43+56
( Σ ) O�^�6/� Σ

������*�,
Q = (x0, y0, z0) E *�Õ�O�P�Q Σ!�Ö�×�S�3�5

a = (a1, a2, a3) E b = (b1, b2, b3).
}�������*�,

P =

3
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(x, y, z)
Ñ�

Σ
�µN ¼ µÎ�Ø¥ u, v ÙÚ −−→

QP = ua + vb.
�+Q43

5 −−→
QP = (x − x0, y − y0, z − z0), Û O^ Σ

�,
(x, y, z)

�jl!¤¥
[� )







x = x0 + ua1 + vb1

y = y0 + ua2 + vb2

z = z0 + ua3 + vb3

, u, v ∈ R. (1.2.1)

| ) −−→
QP = ua + vb

µN ¼ µ [
−−→
QP, a,b] = 0,

� � O^ Σ
![�Ü u

�Ý]
∣

∣

∣

∣

∣

∣

x − x0 a1 b1

y − y0 a2 b2

z − z0 a3 b3

| = 0. (1.2.2)

ÃÄ
1.2 ( Ax + By + Cz + D = 0 E A′x + B′y + C ′z + D′ =

9T{O^
Σ E Σ′

![�6/}
(1) � O^Þß ⇔A/A′ = B/B′ = C/C ′ = D/D′;

(2) � O^OPNÖÞß ⇔A/A′ = B/B′ = C/C ′ 6= D/D′;

(3) � O^à% ⇔ n = (A, B, C)
Ï

n
′ = (A′, B′, C ′)

ÖOP X
(4) � O^ Ç R ⇔ AA′ + BB′ + CC ′ = 0.

Å�Æ ��á�â
1.1 ã -/O�^ Ax + By + Cz + D = 0 E A′x + B′y +

C ′z + D′ = 0
!xÔ�3`5x9xT ) n = (A, B, C)

Ï
n

′ = (A′, B′, C ′)._ � <�O�^�O�P�µ�N ¼ µ�Ô�3�5 n E n
′
O�P�-/ä�µ�N ¼ µ A/A′ =

B/B′ = C/C ′ = λ.
_¹ � O^![�9T ) Ax + By + Cz + D = 0

E Ax+By +Cz+λD′ = 0.
_ � <MOM^MÞMßMµMN ¼ µM_ � <[M�mM×G :-/Ü»{ D = λD′.

_ � <O^OPNÖÞßµN ¼ µ�_ � <�[�åm× G :-�ä D 6= λD′. Û (1) E (2) ]  6�æç- � O^ÖOPµN ¼ µA0!Ô43+5 n = (A, B, C)
Ï

n
′ = (A′, B′, C ′)

ÖOP6 Û
(3) ]  �6/½�T�{�- � O�^ Ç R�µ�N ¼ µ�A�0�!�Ô�3�5 n = (A, B, C)Ï

n
′ = (A′, B′, C ′) Ç R-/ä AA′ + BB′ + CC ′ = n · n′ = 0. Û (4) ] 6

��x���`*x�xRxS��`RxSx�x*x, E RxSx!x[�3x3`5x� > *xèx�x6 (
Q = (x0, y0, z0)

{��4�+!*,-
a = (a1, a2, a3) )±² 3+56éJ l

{
8

Q ê�� a ) [�3�3�5�!�R�S�6/} l
��!�È�É�,

P = (x, y, z)
j�l

4
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−−→
QP = t a,

© �
t ) Ø¥6/Q{-/RS l

!¤¥[� )






x = x0 + ta1

y = y0 + ta2

z = z0 + ta3

, t ∈ R. (1.2.3)

ë RS!¤¥[�
(1.2.3)

�+ìí
t, Úî

x − x0

a1

=
y − y0

a2

=
z − z0

a3

. (1.2.4)

.01
(1.2.4) ) RS!&ï[�6�M�Y�Z*M�MRMSMÜ uM�M¡M)M� <MàM%MOM^M!M%MSM-ðAM!M[M� u v )

{

Ax + By + Cz + D = 0
A′x + B′y + C ′z + D = 0′

, (1.2.5)

© �+O^!Ô43+5
n = (A, B, C) E n

′ = (A′, B′, C ′)
ÖOP6/_¹-

%S![433+5
a G ¹Ï n E n

′ Ç R6 Ûu �

a = n× n
′ =

(∣

∣

∣

∣

B C
B′ C ′

∣

∣

∣

∣

,−
∣

∣

∣

∣

A C
A′ C ′

∣

∣

∣

∣

,

∣

∣

∣

∣

A B
A′ B′

∣

∣

∣

∣

)

. (1.2.6)

�`Q
n = (A, B, C) E n

′ = (A′, B′, C ′)
ÖñOxPx-/[x�

(1.2.5)
mx:

(x0, y0, z0).
� ¢ .0òó Úî %S!¤¥[� E &ï[�6ÃÄ

1.3 ( RS l
8,

P ,
[433+5 ) a;

RS
l′
8,

Q,
[4335 ) a

′.
}

(1) l
OPQ

l′⇔ a
Ï

a
′
OP X

(2) l
Ï

l′
Þß

⇔
a43+5

a, a
′ E −−→

PQ
àôOP X

(3) l
Ï

l′
OPNÖà%

⇔a E a
′
OP-/õ −−→

PQ
Ï

a E a
′
ÖOP X

(4) l
Ï

l′
à%Q*,

⇔a
Ï

a
′
Ö×S-/N

[
−−→
PQ, a, a′] = 0;

(5) l
Ï

l′ ö Öà%ÜÖOP (
1 )÷ ^RS )⇔[

−−→
PQ, a, a′] 6= 0;

ÅÆ � RS l
Ï

l′
OPµN ¼ µA0![433+5 a

Ï
a

′
OP6 � RSÞßµN ¼ µ a E a

′
OP- ê N P E Q

Ñ� G *RS�-/ä −−→
PQE a, a

′
ÜOP6 Û (1) E (2) ]  6 � RS l

Ï
l′
OPNÖà%µN

5
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¼ µ a E a
′
O�P�- ¨ −−→

PQ
Ï

a E a
′
Ö�O�P�- Û (3) ]  �6 � R�S lÏ

l′
à%Q*,µN ¼ µ a E a

′
ÖOP- ê N −−→

PQ
Ï

a E a
′
×^-

ä
[
−−→
PQ, a, a′] = 0, Û (4) ]  6 � RS l

Ï
l′ )÷ ^RS-/} −−→

PQ
Ï

a E a
′
Ö�×�^

( ø } l
Ï

l′ ù à�%�ú�O�P ). Û [
−−→
PQ, a, a′] 6= 0, (5) ] 6

�

1.3 �����Âûüýþ
ÃÄ

1.4 ( O^ Σ
![� ) Ax + By + Cz + D = 0,

RS
l
8,

P = (x0, y0, y0),
[433+5 ) a = (a1, a2, a3).

}
(1) l

OPQ
Σ ⇔ Aa1 + Ba2 + Ca3 = 0;

(2) l
ÑM�

Σ
�

⇔ Aa1 +Ba2 +Ca3 = 0,
N

Ax0 +By0 +Cz0 +D = 0;

(3) l
Ï

Σ
ÖMàM%

⇔ Aa1+Ba2+Ca3 = 0,
N

Ax0+By0+Cz0+D 6= 0;

(4) l
Ï

Σ
à%Q*,

⇔Aa1 + Ba2 + Ca3 6= 0;

(5) l
Ï

Σ Ç R ⇔ a = (a1, a2, a3)
Ï

n = (A, B, C)
OP6

ÅÆ RS
l
ÏO^

Σ
OPµN ¼ µRS![433+5 a

ÏO^!Ô435
n = (A, B, C) Ç R-�ä Aa1 + Ba2 + Ca3 = n · a = 0.

_¹-
l
Ñ�

Σ
�MµMN ¼ µ P = (x0, y0, y0)

ÑM�
Σ
�M-ÿä

Ax0 +By0 +Cz0 = D. Û
(1) E (2) ]  6�RS l

ÏO^
Σ
Öà%-�}OP-�N

P = (x0, y0, y0)Ö�Ñ��
Σ
��6 Û m Aa1 + Ba2 + Ca3 = 0,

N
Ax0 + By0 + Cz0 6= D,

(3) ]  �6/R�S l
Ï�O�^

Σ
à�%�Q�*�,�µ�N ¼ µ l

Ï
Σ
Ö�O�P�-/ä

l![433+5
a
Ï

Σ
!Ô43+5

n
Ö Ç R6 Û Aa1 + Ba2 + Ca3 6= 0, (4)

]  6/RS l
ÏO^

Σ Ç RµN ¼ µRS![433+5 a = (a1, a2, a3)ÏO^Ô43+5
n = (A, B, C)

OP6
�

c
1.2

c
1.3

6
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�
1.1 ( OM^ Σ

!M[M� ) Ax+By+Cz+D = 0. ( Q = (x0, y0, z0)) ��4�+*,6/8 Q � O^ Σ
! Ç S- Ç l ) P = (x1, y1, z1)(

¤��
c

1.2).
}m

Ax1 + By1 + Cz1 = −D.
J

n = (A, B, C) ) Σ
!Ô43

56/}
Q î O^ Σ

!����
d = |−−→PQ| = |−−→PQ · n|/|n|.

| )
−−→
PQ·n = (Ax1+By1+Cz1)−(Ax0+By0+Cz0) = −(Ax0+By0+Cz0+D),

� � m������
d =

|Ax0 + By0 + Cz0 + D|√
A2 + B2 + C2

. (1.3.1)

�
1.2 ( R�S l

8
P = (λ, µ, ν), ê�� a = (a1, a2, a3) ) [�3�35�6 ( Q = (x, y, z) ) ������*�,�6/8 Q � R�S l

!�R�S�- Ç l )
P ′(
¤�� c

1.3).
}m −−→

PP ′ ‖ a. Û Q î RS l
!��������

d = |
−−→
P ′Q| =

|
−−→
P ′Q × a|

|a| =
|(
−−→
P ′P +

−−→
PQ) × a|
|a| =

|−−→PQ × a|
|a| .

Q{m������

d =

√

∣

∣

∣

∣

x − λ y − µ
a1 a2

∣

∣

∣

∣

2

+

∣

∣

∣

∣

y − µ z − ν
a2 a3

∣

∣

∣

∣

2

+

∣

∣

∣

∣

x − λ z − ν
a1 a3

∣

∣

∣

∣

2

√

a2

1
+ a2

2
+ a2

3

. (1.3.2)

c
1.4

�
1.3 ( l E l′

{ ÷ ^MRMSM-¦9MTM8 P = (x, y, z) E P ′ = (x′, y′, z′),-�A0![433+59T ) a = (a1, a2, a3) E a
′ = (a′

1, a
′

2, a
′

3).
| ) a

E a
′
Ö×S- � � n = a× a

′
9T E� RS l E l′ Ç R6 8RS l′ ê� n ) Ô43+5��O^ Σ′.

�+QRS
l
![433+5

a
Ï

n Ç R- Û l
O

7
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PQO^
Σ′.
8RS

l
�O^

Σ
ÏO^

Σ′ Ç R-/J l′′ ) Σ
Ï

Σ′
!%�S6/} � RS l′′

Ï
l′
%�Q*,

Q′.
8

Q′
,��O^

Σ′
!ÔS-/%RS ) Q(

¤�� c
1.4).

}S�	
QQ′ G ¹Ï � RS l E l′ Ç R-t1 )�RS!� Ç S�	6/_¹- � RS l E l′ Ì �!��������

d = |
−−→
QQ′| =

|−−→QQ′ · n|
|n| .

| ) −−→
PP ′ =

−−→
PQ +

−−→
QQ′ +

−−−→
Q′P ′,

−−→
PQ ‖ a E −−−→

Q′P ′ ‖ a
′,
N

n ⊥ a, a′, Û m−−→
PP ′ · n =

−−→
QQ′ · n.

Q{m

d =
|
−−→
PP ′ · n|

|n| =
|[
−−→
PP ′, a, a′]|
|a × a′| .

§�
B&����- Úî� RS�!������

d =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x − x′ a1 a′

1

y − y′ a2 a′

2

z − z′ a3 a′

3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

√

∣

∣

∣

∣

a1 a′

1

a2 a′

2

∣

∣

∣

∣

2

+

∣

∣

∣

∣

a2 a′

2

a3 a′

3

∣

∣

∣

∣

2

+

∣

∣

∣

∣

a1 a′

1

a3 a′

3

∣

∣

∣

∣

2

. (1.3.3)

KxL
1.2 ( a E a

′
9xTx{ � RxS l E l′

!x[�3x3`5x6/.x0x1
θ = arccos(| cos < a, a′ > |) )� RS�!�¶6/³´��- 78�O�� l′

uMÙ AMÏMRMS l
àM%M- }

θ �M) _ � àM%MRMSM%M¶Y���M!��M<�¶ (
¤

� c
1.5).

c
1.5

c
1.6KL

1.3 ( RS l E O^ Σ
%Q*,

P .
J

a ) l
![433+5-

n
{

Σ
!Ô43+56/.01

θ = arccos(sin < a,n >) ) RS l
ÏO^

Σ

8
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!�¶6 ³´�- D RS
l � Ô43+5 n ���î O^ Σ

�- Úî RS l′.}
l E Σ Ì �!�¶ θ

ä )� RS l E l′ Ì �!�¶ (
¤�� c

1.6).

c
1.7

�
1.4 ( P )�� ,x�x"x#��`Áx�x!x$ e ^ � -/Ax!��x< � , )

{A1, A2, A3, A4, A5, A6}(
¤�� c

1.7). � �
(1)
,

A1 î a¶ � A2A3A6

��O^!���� X
(2) ÷ ^RS A1A3

Ï
A2A6 Ì �!�¶ E ��� X

(3)
RS

A1A5

Ïa¶ �
A1A3A6

��O^ Ì �!�¶6
� Ê

O ) $ e ^ � !�Þ���6/} {O;
−−→
OA2,

−−→
OA4,

−−→
OA6}

� ] ���� �!"�#�$�%x&�'�6/_�¹
A1 = (−1, 0, 0), A2 = (1, 0, 0), A3 = (0,−1, 0),

A4 = (0, 1, 0), A5 = (0, 0,−1), A6 = (0, 0, 1).

(1)
| ) −−−→

A3A2 = (1, 1, 0) E −−−→
A3A6 = (0, 1, 1)

� ] a�¶ � A2A3A6

�
��O�^

Σ
� � <�Ö�×�^�!�3�5�-/O�^�!�Ô�3�5 n =

−−−→
A3A2 × −−−→

A3A6 =
(1,−1, 1). Û O^ Σ

![� ) x − y + z + D = 0.
D

A3

,!B&§�

[�- Úî D = −1.

�
(1.3.1) Úî A1 î Σ

!����
d = 2/

√
3.

(2)
RS

A1A3

![433+5 ) a =
−−−→
A1A3 = (1,−1, 0).

RS
A2A6

![
33+5 ) a

′ =
−−−→
A2A6 = (−1, 0, 1).

�+Q
cos〈a, a′〉 = −1/2, Û� RS�¶

θ = arccos | cos〈a, a′〉| = π/3.
| ) −−−→

A1A2 = (2, 0, 0),
� ��� R�S���

d = |[−−−→A1A2, a, a′]|/|a× a
′| = 2/

√
3.

(3)
R�S

A1A5

!�[�3�3�5 ) a =
−−−→
A1A5 = (1, 0,−1).

a�¶ �
A1A3A6�M�MOM^M!MÔY3Z5

n =
−−−→
A3A1×

−−−→
A6A1 = (−1,−1, 1).

�ZQ
sin < a,n >=

|a × n|/|a||n| = 1/
√

3,
� � RS A1A5

Ïa¶ �
A1A3A6

��O^ Ì�!�¶ ) arccos 1/
√

3. �

� Ä
III-1
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§2 ������
2.1  �!������

( {O; e1, e2, e3} E {O′; e′1, e
′

2, e
′

3}
{��4�+! � <�"�#B& 6�}��4�+*,

P
�B& 

{O; e1, e2, e3} z !B& (x, y, z)
��$ )

−−→
OP = xe1 + ye2 + ze3 = (e1, e2, e3)X, X =





x
y
z



 ; (2.1.1)

¨
P
��%*<B& 

{O′; e′1, e
′

2, e
′

3} z !B& (x′, y′, z′)
��$ )

−−→
O′P = x′e′1 + ye′2 + z′e′3 = (e′1, e

′

2, e
′

3)X
′, X ′ =





x′

y′

z′



 . (2.1.2)

| ) {e1, e2, e3} E {e′1, e′2, e′3} =M) 3Z5M�M� V
!MyM- Û ÎM� u�&�'�( Ajl

(e′1, e
′

2, e
′

3) = (e1, e2, e3)A, A =





a11 a12 a13

a21 a22 a23

a31 a32 a33



 . (2.1.3)

.0J
−−→
OO′ = c1e1 + c2e2 + c3e3 = (e1, e2, e3)C, C =





c1

c2

c3



 . (2.1.4)

| ) −−→
OP =

−−→
O′P +

−−→
OO′,

� � ��� Úî
(e1, e2, e3)X = (e′1, e

′

2, e
′

3)X
′ + (e1, e2, e3)C = (e1, e2, e3)(AX ′ + C).

��Q
{e1, e2, e3}

{�����!�*�Õ�y�-/}�m
X = AX ′ + C ]  �- Û m�B�&)�* ��





x
y
z



 =





a11 a12 a13

a21 a22 a23

a31 a32 a33









x′

y′

z′



 +





c1

c2

c3



 . (2.1.5)

. 0 1
(2.1.3)

��! '+( A ) ë B &  {O; e1, e2, e3} î B &  {O′ ; e′1, e
′

2, e
′

3}!-,�.�/�0
..0J





c′1
c′2
c′3



 =





a11 a12 a13

a21 a22 a23

a31 a32 a33





−1 



c1

c2

c3



 ,
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}m�1B&Ï�2B&! )�* ��




x′

y′

z′



 =





a11 a12 a13

a21 a22 a23

a31 a32 a33





−1 



x
y
z



 +





c′1
c′2
c′3



 . (2.1.6)

( (e′1, e
′

2, e
′

3) = (e1, e2, e3)A E (e′′1 , e′′2 , e′′3 ) = (e′1, e
′

2, e
′

3)B,
}m

(e1, e2, e3) = (e′1, e
′

2, e
′

3)A
−1, (e′′1 , e′′2 , e′′3 ) = (e1, e2, e3)AB.

Q{- �z !�3�4 ]   �Ã�Ä
2.1 ( A

{ ë B�&� 
{O; e1, e2, e3} î B�&� {O′; e′1, e

′

2, e
′

3}
!

8�5 '�( - B
{ ë B�&� 

{O′; e′1, e
′

2, e
′

3} î B�&� {O′′; e′′1 , e′′2 , e′′3}
!�8

5 '�( 6/} A−1
{ ë B& 

{O′; e′1, e
′

2, e
′

3} î B& {O; e1, e2, e3}
!8

5 '�(X AB
{ ë B& 

{O; e1, e2, e3} î B& {O′′; e′′1 , e′′2 , e′′3}
!8�5

'�( 6Ã�Ä
2.2 ( {O; e1, e2, e3}

{�*�<����� �!�"�#�$�%�&�'�-
A
{�*

<�a�6 '�( 6 Ê (e′1, e
′

2, e
′

3) = (e1, e2, e3)A.
}

{O′; e′1, e
′

2, e
′

3}
{����� �!

"#$%&'µN ¼ µ A ) P�7� ) 1
!$% '�( 6ÅÆ | ) {O; e1, e2, e3}

{*<�� !"#$%&'-/� � m




e1

e2

e3



 · (e1, e2, e3) = I, [e1, e2, e3] = 1.

�
(e′1, e

′

2, e
′

3) = (e1, e2, e3)A,
.0 Úî





e′1
e′2
e′3



 · (e′1, e′2, e′3) = A′





e1

e2

e3



 · (e1, e2, e3)A = A′A;

[e′1, e
′

2, e
′

3] = [e1, e2, e3]|A| = |A|.

Û {O′; e′1, e
′

2, e
′

3}
{M�M�M M!M"M#M$M%&M'MµN ¼ µ A ) P�7M� ) 1

!
$% '�( 6 �ÒÓ

2.1 ( ��4�+*, P
� � <�� !"#$%&' z !B&9T ) (x, y, z) E (x′, y′, z′).
}B& )�* �� u v ]





x
y
z



 =





a11 a12 a13

a21 a22 a23

a31 a32 a33









x′

y′

z′



 +





c1

c2

c3



 , (2.1.7)
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© � 



a11 a12 a13

a21 a22 a23

a31 a32 a33



 ) P�7� ) 1
!$% '�( 6

2.2 ��������
( {O; e1, e2} E {O′; e′1, e

′

2}
{O^

Σ
�! � <�"�#B& 6/}���+*,

P
�B& 

{O; e1, e2} z !B& (x, y)
��$ )

−−→
OP = xe1 + ye2 = (e1, e2)X, X =

(

x
y

)

; (2.2.1)

¨
P
��%*<B& 

{O′; e′1, e
′

2} z !B& (x′, y′)
��$ )

−−→
O′P = x′e′1 + ye′2 = (e′1, e

′

2)X
′, X ′ =

(

x′

y′

)

. (2.2.2)

| ) {e1, e2} E {e′1, e′2} =) O^ Σ
� � ÕÖ×S!43+5- Û Î� u�&

2
6 '�( A

jl

(e′1, e
′

2) = (e1, e2)A, A =

(

a11 a12

a21 a22

)

. (2.2.3)

.0J
−−→
OO′ = c1e1 + c2e2 = (e1, e2)C, C =

(

c1

c2

)

. (2.2.4)

| ) −−→
OP =

−−→
O′P +

−−→
OO′,

� � ��� Úî
(e1, e2)X = (e′1, e

′

2)X
′ + (e1, e2)C = (e1, e2)(AX ′ + C).

�+Q
{e1, e2}

{��!*Õy- }m
X = AX ′ + C ]  - Û mB& )�*��

(

x
y

)

=

(

a11 a12

a21 a22

) (

x′

y′

)

+

(

c1

c2

)

. (2.2.5)

.�0�1
(2.2.3)

��! '�( A ) ë B�&� {O; e1, e2} î B�&� {O′; e′1, e
′

2}!-,�.�/�0
..0J

(

c′1
c′2

)

=

(

a11 a12

a21 a22

)

−1 (

c1

c2

)

,

}m�1B&Ï�2B&! )�* ��
(

x′

y′

)

=

(

a11 a12

a21 a22

)

−1 (

x
y

)

+

(

c′1
c′2

)

. (2.2.6)
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G ��!¿ ��8�9 -/.0 u��:<;ÃÄ
2.3 ( {O; e1, e2}

{*<�� !"#$%&'-
A
{*<

26 '�( 6 Ê (e′1, e
′

2) = (e1, e2)A.
}

{O′; e′1, e
′

2}
{�� !"#$%&'

µN ¼ µ A ) P�7� ) 1
!$% '�( 6.0 ã�= -k;< 2

6$% '�(u���>�?�@ ! (3.2.2)
�v�A6k| )

|A| = 1,
.0 Úî

A =

(

cos θ sin θ
− sin θ cos θ

)

.

_�B-/.0m
Ò Ó

2.2 ( O ^ Σ
� * ,

P
� � < � �  ! " # $ %M& ' {O; e1, e2}E {O′; e′1, e

′

2} z !B&9T ) (x, y) E (x′, y′).
}B& )�* �� u v ]

(

x
y

)

=

(

cos θ sin θ
− sin θ cos θ

) (

x′

y′

)

+

(

c1

c2

)

, (2.2.7)

© �
θ
{43+5

e1 E e′1 Ì �!�¶6
� Ä

III-2
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§3 C�D�E�Â�F�G
3.1 H�I�E���O�J�!���^

F
,�K�L�2�*�<�R�� ) d

!���^�6/����^���M�N )
h > 0

!,
Q
K�L2*<,�O�P6QOp�#��^ ê ���^ � ] *�<�R �fg-/A!º�S4�+SJ ) Γ.

ë
Q
,�A�T!�OSp�U�V�^��*<��

� fMgM- AM!Mº�SM{M�M^M�*M<W�Y�+Á
γ. γ

�M�MOM^
Σ
ÏM�M^MmM*M�

%S
l,
1 ) �+S Γ

!-X � .
.01

F ) �+S Γ
!�Y,6

c
3.1a

c
3.1b

c
3.1cµ

h > d
¹-

γ Z m�^!���M, T
� © ~\[6 b�] O�P

Q
��

^!$�[-`}
Γ ) *4�+Á-`_¹ïS l

ÖÎ�6 b�] O�P
Q
��^

!�^M�M[M-ÿ}�R � fMgMoMçM{*M<miM!fMg6ÿ_M¹.0M1 Γ )`_�H ,1
l )�a � Γ

!ïS-/1
T )�a � Γ

!*<�Y,
(
¤�� c

3.1a).µ
h = d

¹-t�^!���M,
T
Ñ���4�+Á

γ
�- ê N�OS QQ′

OP
Q�^6/_¹.014�+S

Γ )cb�d� ,
1

l )�e�f S Γ
!ïS-/1

F

)�e�f S Γ
!�Y,

(
¤�� c

3.1b).µ
h < d

¹- �^!���M,
T
Ñ���4�+Á

γ
!��[6 _¹.014�

S
Γ )hg�E� ,

1
l )�i �+S Γ

!ïS-`1
F )�i �+S Γ

!*<�Y,
(
¤�� c

3.1c)..M0�jMÉ î -ÿ�MmMÏM�M^à�k!�OMS� ] *<Y�\lM- ¨ Γ � {MÖ8�\l � ,!O^ (
ä�^

) m _<4�\l ¨ \�n !4�+S6�Q{- a �+- e
f S E�i �+S{4�\lÏO^! m S-/V1 H�I�E� .
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c
3.2

( α ) _�<��ol�!�p�¶�- β ) ����Á γ
����O�^

Σ
Ï���^�!�

¶6Z8
Q, F

, E �� O
,��*O^-Z%ïSQ

P ′.
J

QE E QF ) kS-Qk, ) E E F . QE
%

TP ′

Q
G.
8

Q
��^! Ç S l′.

8
O � l′! Ç S- Ç R ) D(

¤�� c
3.2).

}
]GEP ′ = α, ]EP ′G = β.

� ¢ Úî
]FGQ = α + β.

| ) nº � OFGQ
!4~+¶ E) 2π,

¨
]OQG = π/2−α,

Û m ]QOD = π/2 − β.
_�B- ë R¶a¶ �

ODQ E OEQ
.0 Úî

h − d

2
= d(Q, D) = d(Q, O) sin(π/2 − β),

d

2
= d(Q,O) cos α.

ìí
d(Q,O), Úî

h

d
=

1

2
+

1

2

cos β

cos α
. (3.1.1)

Û µ α > β
¹�-

h > d, m S )�a � X α = β
¹�-

h = d, m S )�e�fS-/_¹ m O^Ï4�\l! ª ��qSOP X α < β
¹-

h < d, m S )�i�+S-/A! � <9�r9TÑ��l^!� z� <�[9�6
�z .0�s�t4�\l4�+S!�u�v6

c
3.3È�

Γ
�*,

P .
ë

P
9T � O^ Σ E ïS l

! Ç S- Ç l ) 9T
) P ∗ E P ′(

¤�� c
3.3).

��Q�3�5 −−→
PP ∗

Ï��ol U S QO
O�P�- ¨

QOÏïS
l Ç R- Û −−→

PP ∗
ÜÏïS

l Ç R6Qw4�+QRS PP ′
{ïS

l
!

Ç S- Û P ∗P ′
ÜÏ

l Ç R6 Û m
]P ∗PQ = ]PQO =

π

2
− α, ]P ∗P ′P = β.

| ) PT E PM G) P
,�A�T!�^!�kS-/� � d(P, T ) = d(P, M).�R¶a¶ �

PP ∗M E PP ∗P ′

�+-/.0m
d(P, P ∗) = d(P,M) cos(

π

2
− α) = d(P, T ) sin α, d(P, P ∗) = d(P, P ′) sin β.

16
77



� ¢ Úî -
d(P, T )

d(P, l)
=

d(P, T )

d(P, P ′)
=

sin β

sin α
= e

{*<Ï
P x�y !C¥6/.01 e ) �\l4�+S!cz�{�| .

æç-Q��
}

e < 1
¹ )�a � X �� } e = 1

¹ )�e�f S X �� } e > 1
¹ )�i �S6/_�B.0 :<; VK�~

3.1

�\l4�+S�, î A�Y, Eî AïS!����<� ) C¥6

c
3.4a

c
3.4bK�~

3.2

(1) a �+�, î� �,!���� E) C¥ X
(2) e�f S�, î *�,! Eî *�RS!����à FX
(3) i �+S�, î� �,!������ ) C¥6ÅÆ

(1) ( O^ Σ m �\l Ú * a � Γ.
�4�\l�� m�� ! � <�[94�\�L*<����!� � 6/_ � <� � 9TÏO^ Σ

kQ � , F E F ′(
1 )

a �+!�Y, ), ê 9TÏ4�\l%Q � <4�+Á γ E γ′.
È�

Γ
�!*,

P ,J�qS
PQ
Ï

γ, γ′
!%, ) T E T ′(

¤�� c
3.4a).

| ) ��*, î �^!�kS���Nà F - Û
d(P, F ) + d(P, F ′) = d(P, T ) + d(P, T ′) = d(T, T ′)

)�� Q � <Y�ZÁ γ E γ′ Ì ��qMS�	M!���NM- _M<���NMÏ P x�y - {MC¥6
(2)
{

(3.1.1)
!/áâ6

(3) ( O^ Σ m �\l Ú * i �+S Γ.
�4�\l

� z [94�\��L*<����!� � 6é_ � <� � 9TÏO^ Σ
kQ � ,

F E F ′(
1 )�i �+S!�Y, ), ê 9TÏ4�\l%Q � <4�+Á γ E γ′.

È�
Γ
�!*,

P ,
J�qS

PQ
Ï

γ, γ′

!%, ) T E T ′(
¤�� c

3.4b).
| )��*, î �^!�kS���Nà F - Û

d(P, F ′) − d(P, F ) = d(P, T ′) − d(P, T ) = d(T, T ′)
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)�� Q � <Y�ZÁ γ E γ′ Ì ��qMS�	M!���NM- _M<���NMÏ P x�y - {MC¥6
�

�z .0����4�\l4�+S�jl!§¥[�6

c
3.5a

c
3.5b

c
3.5c

( Γ
{O^�*< a �+-/A! � Y, ) F E F ′.

bc
3.5a,

.0�
O^��� ��$%B& - ÙÚ F = (c, 0), F ′ = (−c, 0). ( P = (x, y)

)�a �+�ÈÉ,6tJ d(P, F ) + d(P, F ′) ) C¥ 2a.
�+a¶Ö F � ã 2c =

d(F, F ′) < 2a.
Ê

b =
√

a2 − c2.
}4�

d(P, F ) + d(P, F ′) =
√

(x − c)2 + y2 +
√

(x + c)2 + y2 = 2a

á�A
(x − c)2 + y2 = 4a2 − 4a

√

(x + c)2 + y2 + (x + c)2 + y2,
√

(x + c)2 + y2 = a +
c

a
x.

� ¢ Úî�a �+!&ï[�
x2

a2
+

y2

b2
− 1 = 0. (3.1.2)

(�a �+ïS![� ) x = p.
�+Q a �+�ÈÉ P

, î Y, F = (c, 0) EïS
x = p

!����<� ) C¥ e,
9T Ê

P = (a, 0) � P = (−a, 0),
.0 Ú

î
a + c

p + a
=

a − c

p − a
= e.

ë � Úî e = c/a E p = a2/c. Û�a � (3.1.2)
!ïS[� ) x = a2/c. G� - a �+!�%*<�Y, F ′ = (−c, 0)

?@m�%*�ïS
x = −a2/c.

( Γ
{O^�*< e�f S- A!�Y, ) F ,

ïS ) F ′.
bc

3.5b,
.

0�O^��� ��$%B& - ÙÚ F = (0, c),
ïS[� ) y = −c.
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( P = (x, y) )�e�f S�ÈÉ,6ñ�+Q
y + c = d(P, F ) =

√

x2 + (y − c)2,

.0 Úî�e�f S!&ï[�
x2 − 4cy = 0. (3.1.3)

( Γ
{MOM^M�M*M< i �ZSM- AM! � YM, ) F E F ′.

bMc
3.5c,

.M0M�
O^��� ��$%B& - ÙÚ F = (c, 0), F ′ = (−c, 0). ( P = (x, y)

)�a �`�xÈxÉx,x6/J |d(P, F ) − d(P, F ′)| ) Cx¥ 2a.
�`ax¶xÖ F � ã

2c = d(F, F ′) > 2a.
Ê

b =
√

c2 − a2.
}m

d(P, F ) − d(P, F ′) =
√

(x − c)2 + y2 −
√

(x + c)2 + y2 = ±2a.

� ¢ Úî�i �+S!&ï[�
x2

a2
− y2

b2
− 1 = 0. (3.1.4)

G � ��Ú - i ��S (3.1.4)
!���� }

e = c/a,
N � <�Y�, F = (c, 0) E

F ′ = (−c, 0)
�?@! � �ïS[�9T )) x = a2/c E x = −a2/c.

3.2 C�D�E�Â����������ë §M¥M���M- ��lY�ZSM!M[M�
F (x,y) = 0

{M*M< ?�� !M§M¥M[M�M6 ����4�+-/.0�� � �\l4�+S!½¾³´�u�v I � ��R¶B& -
Úî V a �+- e�f S E�i �+S&ï[�6
�b .0��V © A!��R¶B& -/}mB& )�* ��

(

x
y

)

=

(

cos θ sin θ
− sin θ cos θ

) (

x′

y′

)

+

(

c1

c2

)

. (3.2.1)

Q{-ñ�\l4�+S![� ) ]
F (cos θx′ + sin θy′ + c1,− sin θx′ + cos θy′ + c2) = 0,

Aoç{*< ?�� ![�6KL
3.1

O^�4�+*< ?�� [�
F (x, y) = Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0

���$! c�
Γ
1 )�?�� �+S- © � A,B, C

Ö�� )² 6
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.M0M!�� !M{�s�t ?�� �ZS Γ
�Mm u�� ! ��� 6 ) VM[���s�t-ÿ.0 D ���[� Ý]�'�( � �

(x, y, 1)





A B D
B C E
D E F









x
y
1



 = 0. (3.2.2)

æç-/µ ?�� �+S F (x, y) = 0
!�m ¥���*< ±² C¥¹-/A���$! c�

Γ
Ö ) 6 �z .0�� c 78/Þ�1�����R¶B& - Ù

Ú�?�� [� Ú����� - ê ë ��� ![�4�+9�� ?�� �+S! ��� 6/µ.0��1!��R¶B& � -/}B& )�* ��
(3.2.1) u�Ý]





x
y
1



 =





cos θ sin θ c1

− sin θ cos θ c2

0 0 1









x′

y′

1



 , (3.2.3)

© �
θ E c1, c2 )�¡ �!C¥6 D [� (3.2.3)

§�
[�
(3.2.2), Úî�?

� �+S Γ
��1B& z ![�

(x′, y′, 1)





A′ B′ D′

B′ C′ E′

D′ E′ F ′









x′

y′

1



 = 0, (3.2.4)

© �




A′ B′ D′

B′ C′ E′

D′ E′ F ′



 =





cos θ − sin θ 0
sin θ cos θ 0
c1 c2 1









A B D
B C E
D E F









cos θ sin θ c1

− sin θ cos θ c2

0 0 1



.

� ¢ Úî
(

A′ B′

B′ C′

)

=

(

cos θ − sin θ
sin θ cos θ

) (

A B
B C

)(

cos θ sin θ
− sin θ cos θ

)

. (3.2.5)

ë
(3.2.5)

R�¢ Úî
A′ = A cos2 θ − 2B cos θ sin θ + C sin2 θ; (3.2.6)

C′ = A sin2 θ + 2B sin θ cos θ + C cos2 θ; (3.2.7)

B′ =
1

2
(B cos 2θ + (A − C) sin 2θ). (3.2.8)

�
(3.2.6), (3.2.7) E� � � < '�( [�-/.0 Úî

A′ + C′ = A + C;
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∣

∣

∣

∣

A′ B′

B′ C′

∣

∣

∣

∣

=

∣

∣

∣

∣

A B
B C

∣

∣

∣

∣

;

∣

∣

∣

∣

∣

∣

A′ B′ D′

B′ C′ E′

D′ E′ F ′

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

A B D
B C E
D E F

∣

∣

∣

∣

∣

∣

.

KL
3.2 ( Γ

{O^�4� ?�� [�
F (x, y) = Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0

��$! ?�� �+S6/.0��$A!a<§¥Ö ) 5 I1, I2, I3

9T )
I1 = A + C, I2 =

∣

∣

∣

∣

A B
B C

∣

∣

∣

∣

, I3 =

∣

∣

∣

∣

∣

∣

A B D
B C E
D E F

∣

∣

∣

∣

∣

∣

. (3.2.9)

| ) A,B, C
Ö�� )² -/�m I1, I2

Ö�� )² 6Q{.0m
K�~

3.3

O^� ?�� �+S Γ
!§¥Ö ) 5

I1, I2 E I3

�B& )�*
z Ö ) 6

3.3 C�D�E�Â�F�G
(�?�� �+S Γ

![� )
Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0.

) V�s�t Γ
�m u�� ! ��� -�.0�� c 78B& )�* - D ���[� )

) � � "! � �6b�]
B 6= 0,

.0�
θ
jl

cot 2θ = −A − C

B
.

�
(3.2.8) Ú B′ = 0.

Q{-/78B& )�*
(

x
y

)

=

(

cos θ sin θ
− sin θ cos θ

)(

x′

y′

)

,

.0�£ u� D ?�� �+S![� ���]
A′x′2 + C′y′2 + 2D′x′ + 2E′y′ + F ′ = 0 (3.3.1)
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! � �6/_¹-/.0m
I1 = A′ + C′ E I2 = A′C′..0�¤�¥�¦�§

I2 6= 0
!¿ � 6 _¹

A′, C′ =±² - (3.3.1) u�Ý]
A′(x′ +

D′

A′
)2 + C′(y′ +

E′

C′
)2 + F ′ − D′2

A′
− E′2

C′
= 0. (3.3.2)

.0�¨��B& )�*
x∗ = x′ +

D′

A′
, y∗ = y′ +

E′

C′
,

ê Ê
λ = A′, µ = C′, F ∗ = F ′ − D′2

A′
− E′2

C′
,

Úî 1[�
λx∗2

+ µy∗2
+ F ∗ = 0. (3.3.3)�+QÖ ) 5

I1, I2, I3

�B& )�* z Ö ) -ñ� (3.3.3) Úî
I1 = λ + µ, I2 = λµ, I3 = λµF ∗.

Û λ, µ
{ ?�� [�

t2 − 2I1t + I2 = 0 (3.3.4)!�©-/N
F ∗ = I3/I2.

_�B[�
(3.3.3)

) ]
λx∗2

+ µy∗2
+

I3

I2

= 0. (3.3.5)

µ
I2 < 0

¹-
λ E µ ÷�ª 6 b�] I3 6= 0,

�
(3.3.5) ã - ?�� �+S )

i ��S�6 b�] I3 = 0,
}�[��

(3.3.5)
) ] λx∗2 + µy∗2 = 0,

A�! c�� {
� � à%RS

√

|λ|x∗ +
√

|µ|y∗ = 0,
√

|λ|x∗ −
√

|µ|y∗ = 0�!�m,Õ ] 6µ
I2 > 0

¹�-
λ, µ E I1 =�G�ª 6 b�] I3 6= 0,

N�Ï
I1 ÷�ª -/}��

(3.3.5) ã - ?�� �+S )�a � X b�] I3 6= 0,
NÏ

I1 G�ª -/}[� (3.3.5)

x :- ?�� �+S{��«6 b�] I3 = 0,
}

(3.3.5)
!: ) (x∗, y∗) = (0, 0),

) O^�*,6
¬����-/.0 ÚîK�~

3.4 (�?�� �+S Γ
![� )

Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0.

I1, I2 E I3 ) Γ
!§¥Ö ) 5-/N

I2 6= 0.
}

22
83



(1)
µ

I2 < 0 E I3 6= 0
¹-

Γ )�i �+S X
(2)
µ

I2 < 0 E I3 = 0
¹-

Γ )� �à%!RS X
(3)
µ

I2 > 0 E I1I3 < 0
¹-

Γ )�a � X
(4)
µ

I2 > 0 E I1I3 > 0
¹-

Γ ) ��« X
(5)
µ

I2 > 0 E I3 = 0
¹-

Γ ) O^�*<, X
�z .0�¦�§ I2 = 0

!¿ � 6ñ�
(3.3.1) Ú I2 = A′C′ = 0,

ä
A′ = 0ú

C′ = 0.
.0Ö� ( C′ = 0.

_¹
A′ 6= 0.

�
(3.3.1)

.0 Úî
A′x′2 + 2D′x′ + 2E′y′ + F ′ = 0. (3.3.6)

ë ?�� �+S[� (3.3.6)
���Ö ) 5-/.0 Úî

I1 = A′ 6= 0, I2 = 0, I3 = −A′E′2. (3.3.7)

b�]
I3 6= 0,

}4�
(3.3.7) ã E′ 6= 0, ê N I3

Ï
I1 ÷�ª 6/_¹-/[�

(3.3.7) u�Ý]
A′(x′ +

D′

A′
)2 + 2E′(y′ +

F ′

2E′
− D′2

2A′E′
) = 0. (3.3.8)

�B& )�*
x∗ = x′ +

D′

A′
, y∗ = y′ +

F ′

2E′
− D′2

2A′E′
,

ê D
I1 = A′, E′ = ±

√

−I3

I1§�
[�
(3.3.8),

.0 Úî
I1x

∗2 ±
√

−I3

I1

y∗ = 0.

_¹- ?�� �+S )�e�f S6b�]
I3 = 0,

}4�
(3.3.7) ã E′ = 0.

_¹[�
(3.3.6)

) ]
A′x′2 + 2D′x′ + F ′ = 0. (3.3.9)

_{*< ?�� [�-�A!�®T� ∆ = 4(D′2 − A′F ′).
µ

∆ > 0
¹-�[�

(3.3.9) F�¯ Q � �OPRS x′ = λ E x′ = µ,
© �

λ, µ )�?�� [�! �<Ö G !Ø�© X µ ∆ = 0
¹-�[�

(3.3.9) F�¯ Q*�RS x′ = λ,
© �
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λ
{ ?�� [�! > *Ø�© X µ ∆ < 0

¹- x :-/_¹[� (3.3.9)
!:

) ��«6
¬����-/.0 ÚîK�~

3.5 (�?�� �+S Γ
![� )

Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0.

I1, I2 E I3 ) Γ
!§¥Ö ) 5-/N

I2 = 0.
}

(1)
µ

I3 6= 0
¹-

Γ )�e�f S X
(2)
µ

I3 = 0
¹-

Γ )� �OPS-/*�RSú��«6
�+� �

3.4 E � � 3.5,
.0 Úî�z ! ?�� �+S9 8 � � �K�~

3.6

O^� ?�� �+S
Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0

�m u�� ! ��� ) � a �+- i �+S- e�f S- � �RS-t*�RS-t*,ú��«6
� � �\l4�+S!&ï[�-/� � 3.4 E � � 3.5

.0 ÚîK�~
3.7 (�?�� �+S Γ

![� )
Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0.

I1, I2 E I3 ) Γ
!§¥Ö ) 56/}

(1) Γ )�a �+µN ¼ µ I2 > 0 E I1I3 < 0;

(2) Γ )�i �+SµN ¼ µ I2 < 0 E I3 6= 0;

(3) Γ )�e�f SµN ¼ µ I2 = 0 E I3 6= 0.

� Ä
III-3

1.

§4 C�D�E��F�G
4.1 C�D�E�Â ��°

��°
4.1 ( l E l′

{��4�+! � �RS6 b�] l E l′
OP- }

l′
¸

l
°�±� Úî !4�+^1 )²H�³� (

¤�� c
4.1a);

b�]
l E l′

à%Q*,
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O,
}

l′
¸

l
°�±M� ÚMî !Y�Z^M1 )M� O )�� ,M! H�IM� (

¤�� c
4.1b);b�]

l E l′ ) ôÖ Ç R! ÷ ^RS-/} l′
¸

l
°Q±� Úî !4�+^1 )´�µ g�E� (

¤�� c
4.1c).

c
4.1a

c
4.1b

c
4.1c. 0 � ��� ^ ! °+± U l ) z U �   B &  6 } ��� ^ � *M, (x, y, z)

î °�± U l
��!�,

(0, 0, z)
!���� ) ����^�!���� R, ) C�¥�6 Û ���^![� )

x2 + y2 = R2. (4.1.1)

.x0 � �¶lx^x! � , )�· ,x- � °�± U l ) z U �x xBx&x x6 (
P = (x, y, z) ) �ol�^���*�,�6/} P ′ = (0, 0, z)

{
P
, î °�± U l ÇR ��� ! Ç l6 Ê θ ) �\l^!4�+�¶6/}�R¶a�¶ � OPP ′

�+m
d(P, P ′) = tan θ d(O, P ′). Û �\l^![� )

x2 + y2 − tan2 θz2 = 0. (4.1.2)

( l E l′ )÷ ^RS-�¶ ) θ 6= π/2.
RS

l′
¸

l
°�± Úî "�¸ i�+^

S. ( O E P
9T{

l E l′
�!,- ÙÚ S�	 OP

{� Ç S6/J
R = d(O, P ).

.0 � O )�· ,- l ) z U - � RS OP ) x U � ��R¶B& 6 }
P = (R, 0, 0). ( RS l′

![433+5 ) a.
}

a

Ï
x UÇR- ê Ï z U !%¶ ) θ. Ûu � a = (0, sin θ, cos θ). ( Q = (x, y, z) )

S
�ÈÉ,-éA{4�+RS

l′
�!,

Q′ = (x′, y′, z′)
¸

z U °�± ¨ Úî 6Q{m
x2 + y2 = x′2 + y′2, z = z′. (4.1.3)| ) Q′

Ñ�
l′
�-/� � Î�¤¥ t, ÙÚ −−→

Q′P = ta,
ä

(x′, y′, z′) = (R, t sin θ, t cos θ). (4.1.4)
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D
(4.1.4)

§�
[�
(4.1.3), Úî x2 + y2 = R2 + t2 sin2 θ E t = z/ cos θ. Û"�¸ i �+^![� )

x2 + y2 − tan2 θ z2 = R2. (4.1.5)

( P ) "�¸ i ��^���*�,�6ñ��Q�"�¸ i ��^�{���R�S�°�± ¨ ] -� ��¹�º m*<RS l1
78

P
,6 ( Σ

{4�+°�± U l E P
,� ] !O^6®�+QO^ Ë # Σ : E

3 → E
3
D °�±^�» ]½¼\¾ - ê N D RS�» ]RS-/� � lP

!O^ Ë #�¿ l′P
Ü{"�¸ i �+^�!*��R�S- ê N

lP E l′P
à%Q,

P . Û "�¸ i �+^�;*, = m � �4�+^�!RS78 ¢ ,6
��°

4.2

D e�f S x2 = 4cy (c 6= 0)
¸ A!?1 U (y U )

°�±- Úî!4�+^1 )ÁÀ�Â�b�d� .
.0�jÉ î - b�] °�± e�f ^�, (x, y, z)

{
� e�f S�!, (x′, y, 0)

°�± ¨ I -�}m x2 + z2 = x′2 = 4cy. Û °�± e
f ^![� )

x2 + z2 = 4cy. (4.1.6).0C��<Ã\Ä�Å�[�� î °�± e�f ^6+*<���Æ�Ç���È2� e�f ^!Y,
(0, c, 0)

�6 ë Y,�A�T!�OS�É e�f ^ Ë #�  � ] OP�O�Ê (
¤

� c
4.2a).

c
4.2a

c
4.2b

c
4.2c

��°
4.3

D i �+S x2/a2 − y2/b2 = 1
¸ A!�Ë U (x U )

°�±- Úî!4�+^1 )-g µ g�E� (
¤�� c

4.2b),
A![� )

x2

a2
− y2

b2
− z2

b2
= 1. (4.1.7)

b�]MD
x2/a2 − y2/b2 = 1

¸ AM!�Ì U (y U )
°�±M- ÚMî ! D {M*M<M"�¸

i �+^ (
¤�� c

4.2c).
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��°
4.4

.014�+[�
x2

a2
− y2

b2
= 2z (4.1.8)

Í�A! c� )-g�E�b�d� ( Í�Î� )(
¤�� c

4.3a)..0�jÉ î -/?È´¤¥ λ 6= 0,
RS

lλ
{

x
a
− y

b
= λ

x
a

+ y

b
= 2λ−1z

(4.1.9)

!�m:jl
(4.1.8);

RS
lµ
{

x
a

+ y

b
= µ

x
a
− y

b
= 2µ−1z

(4.1.10)

!�m:jl
(4.1.8). Û RS lλ E lµ

Ñ� i � e�f ^�6/µ ±² Ø¥
λ(
ú

µ)
)�Ï ¹-kRS

lλ (
úRS

lµ) Ð�Ñ )�Ï - ê�Ò�Ó A�Ô< i � e�f^M6 ? i � e�f ^M�MÈMÉM, P = (x0, y0, z0),
.M0M�M�

λ = x0/a− y0/b E
µ = x0/a + y0/b.

}
lλ E lµ

{ i � e�f ^�8 P
,! � �RS6

c
4.3a

c
4.3b

��°
4.5 ( S

2 ) "#�^ x2 + y2 + z2 = 1, φ : E
3 → E

3 ) "�# )�*
φ(x, y, z) = (ax, by, cz). (4.1.11)

b�]
(x, y, z) ) φ(S2)

��*�,�-/}
(x/a, y/b, z/c) = φ−1(x, y, z) ) "�#��^

S
2
�!,6 Û φ(S2)(

¤�� c
4.3b)

![� )
x2

a2
+

y2

b2
+

z2

c2
= 1. (4.1.12)

.01[�
(4.1.12)

���$! c� ! _�Õ� .
��°

4.6

D _�ÖM��×M*M� � -Ð.M0 Úî *�ÖM½¾Y�+^M- AM0{Y� �
z ! ?�� [���$! c��
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(1) a �^ x2/a2 + y2/b2 + z2/c2 = 1;

(2)
"�¸ i �+^ x2/a2 + y2/b2 − z2/c2 = 1;

(3) i ¸ i �+^ x2/a2 + y2/b2 − z2/c2 = −1;

(4) a � e�f ^ x2/a2 + y2/b2 = 2z;

(5) i � e�f ^ ( Ø�Ù ^ ) x2/a2 − y2/b2 = 2z;

(6) a �\l^ x2/a2 + y2/b2 − z2/c2 = 0;

(7) a �+�^ x2/a2 + y2/b2 = 1;

(8) i �+�^ x2/a2 − y2/b2 = 1;

(9) e�f �^ x2/a2 = 2z.
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4.2 C�D�E�Â�F�G.014� �z *� ?�� [���$! c� )cC�D�E� :

A11x
2 + A22y

2 + A33z
2 + 2A12xy + 2A13xz + 2A23yz

+2B1x + 2B2y + 2B3z + C = 0,© � ¹�º m*< Aij 6= 0.
�_*��4�+-/.0 D ?�m u�� ! ?�� �+^ÚP9 8 6

.0J

A =





A11 A12 A13

A12 A22 A23

A13 A23 A33



 , X =





x
y
z



 , B =





B1

B2

B3



 .

}m
Xt = (x, y, z), Bt = (B1, B2, B3) E At = A.

_�B*� ?�� �+^![� uÝ]
(Xt, 1)

(

A B
Bt C

)(

X
1

)

= 0. (4.2.1)

�+áâ
2.1 uã -/�� � <��R¶B& !B& )�* �� )

(

X
1

)

=

(

T a

0 1

) (

X ′

1

)

, (4.2.2)

© �
T ) P�7� ) 1

!$% '�( - a =





a1

a2

a3



 ) C¥- X ′ =





x′

y′

z′





{
,

X
��1��R¶B& z !B&6.0 D

(4.2.2)
§�
[�

(4.2.1), Úî
(X ′t, 1)

(

T t 0
at 1

)(

A B
Bt C

) (

T a
0 1

) (

X ′

1

)

= 0. (4.2.3)

_�B-/.0 Úî�?�� �+^��1B& z ![�

(X ′t, 1)

(

A′ B′

B′t C′

)(

X ′

1

)

= 0, (4.2.4)

© �+[� ¥jl
(

A′ B′

B′t C′

)

=

(

T t 0
at 1

)(

A B
Bt C

) (

T a
0 1

)

. (4.2.5)

29
90



½T�-/.0m
A′ = T tAT. (4.2.6)

KL
4.1 ( S

{*< ?�� �+^-/A![� )
A11x

2 + A22y
2 + A33z

2 + 2A12xy + 2A13xz + 2A23yz

+2B1x + 2B2y + 2B3z + C = 0..0��$

I1 = A11 + A22 + A33; I2 =

∣

∣

∣

∣

A22 A23

A23 A33

∣

∣

∣

∣

+

∣

∣

∣

∣

A11 A13

A13 A33

∣

∣

∣

∣

+

∣

∣

∣

∣

A11 A12

A12 A22

∣

∣

∣

∣

;

I3 =

∣

∣

∣

∣

∣

∣

A11 A12 A13

A12 A22 A23

A13 A23 A33

∣

∣

∣

∣

∣

∣

; I4 =

∣

∣

∣

∣

∣

∣

∣

∣

A11 A12 A13 B1

A12 A22 A23 B2

A13 A23 A33 B3

B1 B2 B3 C

∣

∣

∣

∣

∣

∣

∣

∣

.

K�~
4.1 I1, I2, I3 E I4

�B& )�* z Ö ) 6ÅÆ �B& )�*
(4.2.2) z .0m )�* �� (4.2.6).

�+Q ��'�( ��!P�7� F Q ��'�( P�7�!���-k.0 Úî I4 = I ′

4.
| ) ?È´Ø¥ tm��

|tI − A| =

∣

∣

∣

∣

∣

∣

t − A11 −A12 −A13

−A12 t − A22 −A23

−A13 −A23 t − A33

∣

∣

∣

∣

∣

∣

= t3 − I1t
2 + I2t − I3. (4.2.7)

�
(4.2.6) ã ?È´ t

m
(tI − A′) = T t(tI − A)T , Û m

|tI − A′| = |T t||tI − A||T | = |tI − A|.
�

(4.2.7) ã ?È´ t
m

t3 − I ′

1t
2 + I ′

2t − I ′

3 = t3 − I1t
2 + I2t − I3.ë ¨ Úî

I ′

1 = I1, I ′

2 = I2, I ′

3 = I3. 2

.01
I1, I2, I3, I4 )�?�� �+^!§¥Ö ) 56

�xz .x0�Ûxèx� ?�� �`^x�xm u�� ! cx� 6 ) ¢ -/.x0�Ü�Ý���ÞB�& )�* ���
(4.2.2)

��!
T E a, Ù�Ú�?�� ��^���1�B�&� z !�[��

(4.2.4)
m�� � "! � �6
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ÃÄ
4.1

Î�P�7� ) 1
!

3
6$% '�( T , ÙÚ

T tAT =





λ 0 0
0 µ 0
0 0 ν



 .

ÅÆ �+Q
A
{*<?1 '�( -/� � ?È´43+5 X E Y

m
AX · Y = X · AY. (4.2.8)

Ê
p(t) = |tI − A|.

}
p(t)
{*<a ��ß�à �-/A ¹�º m*<Ø�© λ.

|
) |λI − A| = p(λ) = 0,

� � Îx� ±x² 3`5 v ÙxÚ (λI − A)v = 0.
Ê

e1 = v/|v|,
}m

Ae1 = λe1.
�43+5

e2, e3, ÙÚ {e1, e2, e3} ) �� !"#$%y6/| )
Ae1 · e2 = 0, Ae1 · e3 = 0, Ae2 · e3 = e2 · Ae3,� � Î�Ø¥ {a, b, c}, ÙÚ

A(e1, e2, e3) = (e1, e2, e3)





λ 0 0
0 a b
0 b c



 .

b�]
b = 0,

} Ê
T = (e1, e2, e3), a = µ E c = ν,

3�4 ]  6 b�] b 6= 0,} Ê
e∗2 = cos θe2 + sin θe3, e∗3 = − sin θe2 + cos θe3,© �

θ ¡ �6/_¹-/m

A(e1, e
∗

2, e
∗

3) = A(e1, e2, e3)





1 0 0
0 cos θ − sin θ
0 sin θ cos θ





= (e1, e2, e3)





λ 0 0
0 a b
0 b c









1 0 0
0 cos θ sin θ
0 − sin θ cos θ





= (e1, e
∗

2, e
∗

3)





1 0 0
0 cos θ sin θ
0 − sin θ cos θ









λ 0 0
0 a b
0 b c









1 0 0
0 cos θ − sin θ
0 sin θ cos θ



 .

�
θ
jl[�

cot 2θ = (a − c)/2b,
}m

A(e1, e
∗

2, e
∗

3) = (e1, e
∗

2, e
∗

3)





λ 0 0
0 µ 0
0 0 ν



 ,
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© �
µ E ν ) Ø¥6 Ê T = (e1, e

∗

2, e
∗

3),
}�3�4Ü ]  6 2��3�4

4.1
�+!

T
�B& )�*

X = TX ′,
} ?�� �+^��1B& z![� uÝ]

λx′2 + µy′2 + νz2 + 2B′

1x
′ + 2B′

2y
′ + 2B′

3z
′ + C′ = 0. (4.2.8)

_¹m
I1 = λ + µ + ν, I2 = λµ + µν + λν, I3 = λµν, (4.2.9)© �

λ, µ, ν
Ö�� )² 6.0�¤�¥�¦�§

I3 = λµν 6= 0
!¿ � 6�_¹ ?�� �+^[� u� Ú*�á

Ý]
λx∗2

+ µy∗2
+ νz∗2

+ C∗ = 0, (4.2.9)© �
x∗ = x′ +

B′

1

λ
, y∗ = y′ +

B′

2

µ
, z∗ = z′ +

B′

3

ν
.

�
(4.2.9) Úî I4 = C∗I3.

b�]
λ, µ, ν G�ª -Z} I1, I3

ÜÏ
λ, µ, ν

mà G!�â ª 6 µ I4 < 0
¹-

C∗

Ï
λ, µ, ν

mÖ G !�â ª - _¹ ?�� �+^ )�a��^ X µ I4 > 0
¹�-

C∗
Ï

λ, µ, ν
m�à G !�â ª -/_�¹ ?�� ��^ ) �« X µ I4 = 0

¹- ?�� �+^ ) *<,6 b�] λ, µ, ν ÷�ª -/.0 u Ö�
( λ, µ

!�â ª�) ε,
¨

ν
!�â ª�) −ε.

_�¹
I3

!�â ª�) −ε.
µ

I4 < 0¹M-
C∗ = I4/I3

!�â ªM) ε,
_M¹ ?�� �Z^ ) "�¸ i �Z^ X µ I4 > 0

¹M-
C∗ = I4/I3

!�â ª�) −ε,
_�¹ ?�� ��^ )�i ¸ i ��^ X µ I4 = 0

¹�-
C∗ = 0,

_¹ ?�� �+^ )�a �\l^6© � .x0�¦�§ λ, µ, ν
� � mx*x< )x² !x¿ � 6/.x0xÖ� ( ν = 0,

I2 = λµ 6= 0.
_¹m

I4 = −I2B
′2

3.
b�]

I4 6= 0, ?�� �+^[� (4.2.8) u
� Ú*�á Ý]

λx∗2
+ µy∗2

+ 2B′

3z
∗ = 0, (4.2.10)© �

x∗ = x′ +
B′

1

λ
, y∗ = y′ +

B′

2

µ
, z∗ = z′ + (

C′

2B′

3

− B′

1

2

2λB′

3

− B′

2

2

2µB′

3

).

Q{-/µ
I2 > 0

¹- ?�� �+^ )�a � e�f ^ X µ I2 < 0
¹- ?�� �+^

)�i � e�f ^6 b�] I4 = 0,
}

B′

3 = 0,
_¹ ?�� �+^[� (4.2.8) u�Ú*�á Ý]

λx∗2
+ µy∗2

+ C∗ = 0, (4.2.11)
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© �
x∗ = x′ +

B′

1

λ
, y∗ = y′ +

B′

2

µ
.

Q{-/µ
I2 > 0

N
I1

Ï
C∗ ÷�ª ¹- ?�� �+^ )�a �+�^ X µ I2 > 0N

I1

Ï
C∗ G�ª ¹�- ?�� ��^ ) �Q« X µ I2 > 0

N
C∗ = 0

¹�- ?����^ ) R�S x∗ = y∗ = 0(
ä

z∗ U ).
µ

I2 < 0
N

C∗ 6= 0
¹�- ?�� �^ )�i ����^ X µ I2 < 0

N
C∗ = 0

¹�- ?�� ��^ )�� <�à�%�!�O�^
√

|λ|x∗ ±
√

|µ|y∗ = 0.
�� �.�0�¦�§

λ, µ, ν
�oã�m�*�<�{ ±�² !�¿ � 6/.�0�Ö� ( I1 =

λ 6= 0
N

µ = ν = 0.
_¹m

I2 = I3 = I4 = 0.
[�

(4.2.8) u�Ý]
λ(x′ +

B′

1

λ
)2 + 2B′

2y
′ + 2B′

3z
′ + C′ − B′

1

2

λ
= 0. (4.2.12)

b�]
B′

2 = B′

3 = 0,
}[� u Ú*�á Ý]

λx∗2
+ C∗ = 0,© �

x∗ = x′ +
B′

1

λ
, C∗ = C′ − B′

1

2

λ
._M¹M-ÿµ

I1

Ï
C∗ ÷�ª ¹M- ?�� �Z^ )M� <MOPMO^ X µ I1

Ï
C∗ G�ª¹- ?�� �+^ ) ��« X µ C∗ = 0

¹- ?�� �+^ ) O^ x∗ = 0.
b�]

B′

2

E B′

3

Ö�� )�² - u�( (B′

2, B
′

3) = (r cos θ, r sin θ),
© �

r =
√

B′

2

2 + B′

3

2.�B& )�*

x∗ = x′ +
B′

1

λ
, y∗ = (cos θy′ + sin θy′ +

C′

2r
− B′

1

2

2rλ
), z∗ = − sin θy′ + cos θz′,

}[�
(4.2.12)

) ]
λx∗2

+ 2ry∗ = 0._¹*< e�f �^6
¬����-/.0 Úî�?�� �+^!9 8 � � �K�~

4.2

� ?�� [�
A11x

2 + A22y
2 + A33z

2 + 2A12xy + 2A13xz + 2A23yz

+2B1x + 2B2y + 2B3z + C = 0��$! ?�� �+^�ã u�� { �z ! c�� a �^-/"�¸ i �+^- i ¸ i�+^- a � e�f ^- i � e�f ^- a �äl^- a �+�^- i �+�^- e
f �^- � <à%O^- � <OPO^-/*�RS-/*<,-/��«6
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K�~
4.3 ( S

{ ?�� [�
A11x

2 + A22y
2 + A33z

2 + 2A12xy + 2A13xz + 2A23yz

+2B1x + 2B2y + 2B3z + C = 0��$x! ?�� �`^x- I1, I2, I3 E I4

{xAx!x§x¥xÖ ) 5x6/}
3 � [x�

t3 − I1t
2 + I2t − I3 = 0

!a<�©
λ, µ, ν =) Ø¥- ê N

(1) S )�a �^µN ¼ µ λ, µ, ν ±²G�ª -/N I4 < 0;

(2) S ) "�¸ i �+^µN ¼ µ λ, µ, ν ±² Ö G�ª -/N I4 > 0;

(3) S )�i ¸ i �+^µN ¼ µ λ, µ, ν ±² Ö G�ª -/N I4 < 0;

(4) S )�a � e�f ^µN ¼ µ λ, µ, ν � m*< )² -/N I2 > 0, I4 < 0;

(5) S )�i � e�f ^µN ¼ µ λ, µ, ν � m*< )² -/N I2 < 0, I4 > 0;

(6) S )�a �\l^µN ¼ µ λ, µ, ν ±² Ö G�ª -/N I4 = 0;

(7) S )�a �+�^µN ¼ µ λ, µ, ν � m*< )² -/N I2 > 0, I4 = 0;

(8) S )�i �+�^µN ¼ µ λ, µ, ν � m*< )² -/N I2 < 0, I4 = 0;

.0<å\É4�+��×
4.5 ã�= - a �^{�^� ª <�"�# )�* z !�æ6

�z .0 :<; -/�^�ÈÉ*<�"�# )�* z !�æ )�a �6
( S2 ) "M#M�M^ x2 +y2 +z2 = 1, φ

{MÈMÉM*M<�"�# )�* 6 }Y� >�?
@ !� � 3.2 ã - φ

mB&vw
X∗ = BX +b,

© �
B
!P�7� ±² -

b ) C43+5- ¨ φ
D B& ) X

!, ) ] B& ) X∗
!,6 Ê

C = B−1,

c = −B−1
b,
}m

X = CX∗ + c.
.0 D _<[� Ý]

(

X
1

)

=

(

C c

0 1

)(

X∗

1

)

.

_¹-/?È´
X ∈ S2

m

0 = x2 + y2 + z2 − 1 = (Xt, 1)

(

I 0
0 −1

)(

X
1

)

= (X∗t
, 1)

(

Ct 0
c

t 1

) (

I 0
0 −1

)(

C c

0 1

)(

X∗

1

)

.

| ) X∗ ∈ φ(S2)
jl��� ?�� [�-/� � φ(S2)

{*< ?�� �+^6ñ��� u �-/A!�Ë '�( A = CtC, ê N§¥Ö ) 5

I4 =

∣

∣

∣

∣

Ct 0
c

t 1

∣

∣

∣

∣

∣

∣

∣

∣

I 0
0 −1

∣

∣

∣

∣

∣

∣

∣

∣

C c

0 1

∣

∣

∣

∣

= −|C|2 < 0.
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�+Q
A = CtC ) ?1 '�( -ñ�\3�4 4.1 Úã -/Î�$% '�( T , ÙÚ

T tAT =





λ 0 0
0 µ 0
0 0 ν



 .

Û ?È´ ±² X = (x, y, z)t
m

λx2 + µy2 + νz2 = (x, y, z)





λ 0 0
0 µ 0
0 0 ν









x
y
z





= XtT tATX = (CTX)t(CTX) = |CTX|2 > 0.

Û λ, µ, ν =M) $M¥M6 QM{M- � � 4.3
!

(1)
á�AM-

φ(S2)
{M*M< a �M^M6_�B-/.0 :<; VK�~

4.4

�^��"�# )�* z !�æ )�a �^6
� Ä

III-4

1.
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�����
Lorentz ������	

§1 Lorentz 
��
��������

E
3 ������������������������ �!�"�� {O; e1, e2, e3},#$�$� �%�$&$�$' P ($)$* �$!$" (x, y, z) +$,$- �$�$.$/$0 $�1 �$� �%�32%4 � "$5 {e1, e2, e3} 6$7$8$9$:$; # &$�32%4 v <$=�>.>/ * �>!>" (v1, v2, v3). ?>->@>(>A>B>; >�>C P = (x, y, z) D

v = (v1, v2, v3).E�F
1.1 G v = (v1, v2, v3) D w = (w1, w2, w3) ? ��� �H��I��J24�0 �� ��K * ��L�� � Lorentz MHN�?

< v,w >= v1w1 + v2w2 − v3w3.O�P�Q ; ���R e1 = (1, 0, 0), e2 = (0, 1, 0) D e3 = (0, 0, 1), S
< e1, e1 >=< e2, e2 >= 1, < e3, e3 >= −1.

���T
e3 ?�U � 2H4 ;WV T�X�Y�R Lorentz MHN < , > � ��� E

3 ?
Lorentz

��� ; C ? (E3, < , >).Z�[
1.1 Lorentz MHN < , > \ R�] 6�^�_�`

(1) . T ^�` < v,w >=< w,v >;

(2) a�b�^�^�` .�c�d λ, µ ∈ R
R

< λu + µv,w >= λ < u,w > +µ < u,w >,

< u, λv + µw >= λ < u,v > +µ < u,w >;

(3) e�f�g�^�` c�h v 6= 0, i � w j�k < v,w >6= 0.

l>m . T ^>D>a>b>^>^on Lorentz MpN �>�>K>�>q k>r 0 ] 6>sote�f�g�^ 0uc�h v = (v1, v2, v3) 6= 0,
#

v1, v2 D v3
�Hv�w R ����x ey ��0%z�{ G v1 6= 0,

���|�} �
w = (1, 0, 0), ( R < v,w >6= 0. �E�F

1.2 G v
x���� e y 2�4�0�~�� < v,v > < 0,

���T
v ?��� 2�4���~�� < v,v > > 0,

���T
v ?���
 2�4���~�� < v,v >= 0,���T

v ?���� 2H4�0
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� ~ ;�U � 2�4 e3 � ?���U 2�4�� e1 D e2 ?�� � 2�4���� v = e1+e3?���� 2H4�0
G C x ��� �H� R ��� 2H4�����������0 ���� ����' O ��?��

� 2H4������ A ' ; # c�d v ∈ C <���= ����� v =
−−→
OP . G P ��!" ? (x, y, z). ��? < v,v >= x2 + y2 − z2, � ] v =
−−→
OP ?���� 2H4� S�� � P   ��¡�¢

x2 + y2 − z2 = 0 (1.1)£ 0 ���T C ?�� ¡ ;¤V 1 *�¥ ��¦ nH§�¨ (1.1) h�©��ª��«� ? π/4� ¡�¢ 0
� ¡ C

1 ��� 9�¬ � ¡ M� ¡�® I���¯ 9 0 ��� ����' P = (x, y, z)

  � � ¡ M ¯ � S�� � x2 + y2 − z2 < 0;   � � ¡�® ¯ � S�� � x2 +

y2 − z2 > 0. ¦�x ; v =
−−→
OP ?���U 2�4 � S�� � P   � � ¡ M ¯ ( °

B�± 1-1a); v =
−−→
OP ?���� 2�4 � S�� � P   � � ¡�£ ( °�B�± 1-1b);

v =
−−→
OP ?�� � 2H4 � S�� � P   � � ¡�® ¯ ( °�B�± 1-1c).

± 1.1a ± 1.1b ± 1.1cZ�[
1.2 G v x���� ��U 2H4�0 # .�c�dJ2H4 w

R z ¥�²
< v, v >< w, w >≤< v, w >2,

S�¥�² � , � S�� � w ³�8 ¦ v.l�m G v D w
R ����� A ' O, S v =

−−→
OP ?���U 2H4�0 G Σ x vD w ´ ��� ³ ¢ 0 n ¦ P   � � ¡ C � M ¯ ; � R ³ ¢ Σ )�� ¡�µ¦�I�¶�z>����� b l1 D l2.

C
v1 D v2 9 P x�� b l1 D l2

� § 2�24 ; #>R < v1, v1 >=< v2, v2 >= 0. �>? {v, v1} D {v, v2} <>?>³ ¢
Σ
£ ��· b�^�¸�¹ �J2H4 ;Wº�i � I�·�»�¼ {s1, t1} D {s2, t2}, j�k

w = s1v1 + t1v = s2v2 + t2v.
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n ¦ v1 D v2 ?���� 2H4 ;Wº t1 D t2 ½�¾�¿�À §�¨
< v, v > t2 − 2 < v, w > t+ < w, w >=< w − tv, w − tv >= 0.

�
w ) v z ³>8>U>;WÁ R t1 6= t2, Â>U £>Ã ¿>À §>¨ R I>�>z$�>�Ä ;Wº R�Å P ²

∆ = 4(< v, w >2 − < v, v >< w, w >) > 0.

� � w ) v ³�8�U�;ÇÆÉÈ R ¥�² < v, w >2=< v, v >< w, w >. 2

G a ?�e y 2H4�0 �� ��K
Na = {v ∈ V |< v, a >= 0}. (1.2)

C
â = a − 2(a · γ)γ,

#�R
< v, a >= v · â, º Na Ê x�Ë���' O S ] â

?�Ì 2H4�� ³ ¢ 0

± 1.2a ± 1.2b ± 1.2c

~��
a ?���U 2H4 U�; # Na

�H��c�d e y 2H4 < z ) a ³�8 0 ÂUJnHÍ�Î 1.2 k�r
< a, a >< v, v > < < a, v >2= 0.

nHÏ�k�r < v, v > > 0, º Na

£ ��� R 2H4 ?�� � 2H4�0 Â�U�³ ¢ Na)�� ¡ C � µ ¦ O ' ( °�B�± 1.2a).

~��
a ?���� 2H4 ; # a   � ³ ¢ Na

£ 0 C
a =

−−→
OP . Ë P V ]U � 2�4 γ ?�Ì 2�4 � � ³ ¢ Σ, *�)�� ¡�µ ¦����ªÐ�Ñ Γ. G v ?�ÒÐHÑ � ³ ¢ Σ

£
P Ó ������ÔJ2H4�0 ��? v ) 2H4 a, γ � U�Õ � ;� ]�R
< a, v >= a · v − 2(a · γ)(v · γ) = 0.
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¦�x ; Na n 2H4 a D v Ö � ; � Na ?�)�� ¡�× 2H4 a Ø Ô�� ³ ¢
( °�B�± 1.2b).

~��
a ?�� � 2�4 ; #�R 2�4 9�: V = Na⊕Ra. Â�U R γ = γ′+λa,Ù � γ′ ∈ Na. nH¥�²

−1 =< γ, γ >=< γ ′ + λa, γ′ + λa >=< γ′, γ′ > +λ2 < a, a >

Ú ; γ′ x���� ��U 2H4�0p¦�x ;p³ ¢ Na Û R ��� ��U 2H4 ;p*�Á�)� ¡ C Ø µ ¦�I�¶�� b ( °�B�± 1.2c).Ü L ; h>� �>� �p�>�>� ³ ¢ Σ.
# i � e y 2p4 â, j>k .>c>d

Σ
£ �J2H4 v

R
â · v = 0. Ý a = â − 2(â · γ)γ,

#�R
a · γ = −â · γ D

â = a − 2(a · γ)γ. º a ?�e y 2H4 ;WS R
< a, v >= â · v = 0.

¦�x R Σ = Na. Þ�È�;uÂ�ß �J2H4 a( à ��� e y ��á ® ) â�³ ¢ Σ �
= ��ã���0 � a 9 P ?���U�;ä� � D���� 2H4 U�; ���T Σ 9 P ?�å� ; z�� D�f�g�³ ¢ 0
G C ? ��� � ¡ 0 �� 1 ³ ¢ Σ ³�æ�r C ��ç�'�0 � Σ ) C � µ¦�ç�' U�; Σ x å ��� ³ ¢ � � Σ ) C

µ ¦�I�¶�� b�U�; Σ x�z��� ³ ¢ � � Σ ) C Ø Ô U�; Σ x f�g � ³ ¢ 0è ����é ?�@ ����ê Ã x ` Σ x å � ; z���ë f�g�³ ¢�� S�� �
Σ )�U � 2H4 γ ��ì� �í�¦ π/4, î ¦ π/4 ë ¥ ¦ π/4.

§2 Lorentz ï�ð
2.1 Lorentz ñ�ò

G (E3, < , >) x���� Lorentz
��� 0W~��J2H4�· {e1, e2, e3} ½�¾

< e1, e1 >=< e2, e2 >= 1, < e3, e3 >= −1; (2.1.1)

< e1, e2 >=< e1, e3 >=< e2, e3 >= 0, (2.1.2)���ó�T
{e1, e2, e3} ? ��� Lorentz "�5�0

~�� ���ô �J2H4�õ�ö���÷ N




a

b

c



 (u,v,w) =





< a,u > < a,v > < a,w >
< b,u > < b,v > < b,w >
< c,u > < c,v > < c,w >



 ,
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#
{e1, e2, e3} ? Lorentz "�5 � S�� �





e1

e2

e3



 (e1, e2, e3) =





1 0 0
0 1 0
0 0 −1



 = I1. (2.1.3)

G {e1, e2, e3} ? Lorentz "�5�0 #���� ����c�ø�����"�5 {e′
1
, e′

2
, e′

3
}

��= ��ù��
(e′

1
, e′

2
, e′

3
) = (e1, e2, e3)A, (2.1.4)Ù � A ? ��� 3 ú õ�ö�0 n (2.1.3) D (2.1.4)

Ú ;




e′
1

e′
2

e′
3



 (e′
1
, e′

2
, e′

3
) = At





e1

e2

e3



 (e1, e2, e3)A = AtI1A.

º {e′
1
, e′

2
, e′

3
} x Lorentz "�5 � S�� � õ�ö A ½�¾ §�¨

AtI1A = I1. (2.1.5)

���T ½�¾ §�¨ (2.1.5) ��õ�ö ? Lorentz õ�ö�0
G v D w

x ��� �H�����J2H4 ;W* � Lorentz "�5 {O; e1, e2, e3}6 ��!�" 9 P ? (v1, v2, v3) D (w1, w2, w3).
#�R

< v,w >= v1w1 + v2w2 − v3w3. (2.1.3)
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"7> 4<)& �*QRh~xÆ82"�0\O�Æ�o�.��~�H03A�.0����[H�Q	����08r3AJ�0t/93
t/�

p�-v�Bh
Z��
Z��4B�9A/t/�B9ÆA/t/HO0j{t/��O/st/�A/t/,E�Ib0,3[�8r3ANjt6�:/st/9?Ej�P�03[�8r3ANjt6��Edwluy2J0�l�

§1 3;1.0 ΣS Σ′ 9xdÆ0���H0�Æ�O 9�ÆMjE3N|�' O 3!<0�FNZhj��Æ-03I/.�j��Æ-�R�BOl O OÆa0Is�
1
102



*Q Σ S Σ′ ���-:ÆaIs O : Σ → Σ′ g~��E�Æd0 1-1 8r�)mv!�t/ O : Σ → Σ′ h
Zt�
Z�B9'
Σ . Σ′ 0jEA/t/�

*Q Σ S Σ′ ����eJ 1.1 ���2)�CNZk'h Σ -03I/. Σ′ -��h Σ -0
Zt� Σ′ -0
Z�+�2w}M8 <1�*QRR O 3� Σ′ 0��Æj Σy
Z l, R O 3�
Σ 0��Æj Σ′ y
Z l′, �<Y l -03�wI/.�Æ Σ′-�:� l′ -03~�Æ Σ -�wI/3�

GRoj�0M��R<Y�Aw�Æ Σ-R
Z l -j3 P 0
Zt��Æ Σ′ -0�Z�:�Æ Σ -0j��ZI/��Æ Σ′ -0j�
Z�B[jy
Z l′ -0j3 P ′��eJ 1.2��
2
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#+ 1.1� Desarques) *Q�E,kb08r53�Zjyj3��B8r�0j3IZ�

O��� Desarques 6|�RrujE/s�W φ �BhJ 1.3Æ0
Z EF t�S!}
Z ℓ∞. �2-:Jb��lWJb

Ru P ′ *�3 P ~ φ W0℄3�pO E′, F ′ ∈ ℓ∞, \ B′

1
C′

1
�y B′

2
C′

2
� A′

1
C′

1
�y A′

2
C′

2
, Alw

d(O′, A′

1)

d(O′, A′

2
)

=
d(O′, C′

1)

d(O′, C′

2
)

=
d(O′, B′

1)

d(O′, B′

2
)
.K A′

1
B′

1
i�y A′

2
B′

2
�\ D′ ∈ ℓ∞. y9 D′, E′, F ′ �~S!}
Z ℓ∞ -�v%K! D,E, F �~
Z EF = φ−1(ℓ∞) -�6|���
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#+ 1.2� Pappus6|) 0 A1, B1, C1 S A2, B2, C2 OIZ0��3�0 A1B2 S A2B1 0j3O M , A1C2 S A2C1 0j3O N , B1C2S B2C1 0j3O P , � M,N,P ,3IZ�

GRÆaIs�QDwVO	*Q A1B2 z A2B1 ��� A1C2z A2C1 ����w B1C2 z B2C1 ��

O�5/ÆaI/�O�Æd0 1-18r�Reh~���Æ-�aj_�S!}3��5	�O�/s�Æ��sE0�=*W	
(i) ~�Æ Σ �E
Z?^ [a(l)] -�ajES!}3 ∞(l);

(ii) *Q l z l′ ���w ∞(l) = ∞(l′), \�0
Zw[H0S!}3

(iii) *Q l z l′ ����w ∞(l) 6= ∞(l′), \��0
Zw�H0S!}3�

4
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#: 1.1 _AwS!}3J�0ZUO l∞. R�ZU P (Σ) =

Σ ∪ l∞ O/s�Æ�� l∞ OS!}
Z�Grl-06o�R/.lW005 1.1

(i) /s�Æ-(T�3%6NjjF
Z

(ii) /s�Æ0(T�F�H
ZwNj0j3

(iii) ÆaIs9 P (Σ) . P (Σ′) 0 1-1 8r�Bh P (Σ) Æ0
Zt� P (Σ′) Æ0
Z�/s�Æ0℄T4Y	

§2 3;�'#: 2.1 0 φ : P (Σ) → P (Σ′)O/s�Æd0jE 1-18r�*Q
φ h P (Σ) Æ0
Zt� P (Σ′) Æ0
Z��� φ 9jE/st/�C�, Σ = Σ′ 2�R�/st/O/s�W�0 Σ S Σ′ 9xdÆ���H0�Æ���ÆMj3 O 0ÆaIs O : P (Σ) → P (Σ′) 9jE/st/�05 2.1 0 φ : P (Σ) → P (Σ′)O/st/�� φ−1 : P (Σ′) → P (Σ)i9/st/�?/ *Q(~ P (Σ′) �F
Z l′ -0,3 {P ′, Q′, R′} �5/ P =

φ−1(P ′),Q = φ−1(Q′) S R = φ−1(R′) ~ P (Σ) -�IZ�� {P,Q,R}Æ�wjEBS!}3���0%3O P 3��
Z PQ S PR 9�F�H0
Z�j3O P . pO φ O/st/�Bh
Zt�
Z�Al φ(PQ) = l′ S φ(PR) = l′. 0 X 9 P (Σ) -0(n3�R Xwq
Z l j
Z PQ y Y , j PR y Z(Y 6= P , Z 6= P ). �2w
5
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φ(l) = φ(Y Z) = l′. y9K! φ(X) ∈ l′, \ φ(P (Σ)) ⊂ l′, �z φ O 1-18r[	9�K φ−1 j6h
Zt�
Z� 26- 2.1 /s�Æ-0Aw/s�WJ�jE&��O/s�W&�_O PGL(3).0 φ : Σ → Σ′ 9jEA/t/�� φ h Σ -0�F
Z l t� Σ′-0jF
Z l′. RP6 φ(∞(l)) = ∞(l′). pOA/�W φ hz l�0t�z l′ �0
Z�Al�EP69U|0�y9�A/t/ φ : Σ → Σ′ wlNj2y �OjE/st/ φ : P (Σ) → P (Σ′).>	�*QjE/st/ φ : P (Σ) → P (Σ′), BhS!}
Z ℓ∞3t�S!}
Z ℓ′
∞

. vy φ−1 i9/st/�Bh
Z ℓ′
∞
t�
Z ℓ∞. K φ h�Æ Σ 03 1-1 8r. Σ′ �03��h
Zt�
Z�O Σ . Σ′ 0jEA/t/�:/st/ φ : P (Σ) → P (Σ′) 9v�EA/t/y :�0�#: 2.2 R�

A2 = {φ : P (Σ) → P (Σ) | φ ∈ PGL(3), φ(ℓ∞) = ℓ∞}O P (Σ) -/s�W&0A/�&�05 2.2 0 l 9/s�Æ P (Σ) -0jF
Z��(~/s�W
φ : P (Σ) → P (Σ), Bh l t�S!}
Z ℓ∞.?/ $z
Z l ��z�Æ Σ [j0�Æ Σ′. ~xdÆ$j3 O5/Bz l��0�Æz Σ′ ���ÆRwl5/ l��~ Σ′ -�� O 3��~ l S Σ -��ÆaIs O : P (Σ) → P (Σ′)h
Z l t�
P (Σ′) -0S!}
Z ℓ′

∞
. $6jEA/�W ψ : P (Σ′) → P (Σ) �Bh ℓ′

∞
t� ℓ∞. �/s�W φ = ψ ◦O : P (Σ) → P (Σ) h
Z l t�S!}
Z ℓ∞. 2_ RP 2 OxdÆAwR O 30
ZJ�0ZU�pO RP 2 Æ0�F
Zj/s�Æ P (Σ) yNj0j3��ÆR O 3��y�Æ Σ0jF
Z�8r. P (Σ) 0jES!}3�J 1.3) �y9/s�Æ

P (Σ) zwl RP 2 1H�z�R_�E 1-18rO σ : P (Σ) → RP 2.

6
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#: 2.3 0 P (Σ) 9jE/s�Æ�_ P ∗(Σ) 9 P (Σ) -Aw
ZJ�0ZU�$6�Æ ΣMj3 O �R6o 1-18r P (Σ) → P ∗(Σ)*W	8(T A ∈ P (Σ), _R O 3�$
y
Z OA 0�Æz�Æ Σm!0
ZO A∗ ∈ P ∗(Σ). R�t/ A↔ A∗ O/s�Æ0jE8�8r�05 2.3 8�8rh�~
Z A∗ -03 {B1, B2, · · · , Br} 8r�jy3 A 0
Z {B∗

1 , B
∗

2 , · · · , B
∗

r}. C�2��3�Z��8r�Z0j3�6- 2.2(Desarques 8�6|) *Q�E,kb8r�j3IZ��B8r530�Zjyj3�

6- 2.3(Pappus 8�6|) 0 l1, l2, l3 S l′
1
, l′

2
, l′

3
O��I3
Z� l1 z l′

2
0j3S l′

1
z l2 j30�ZO l′′

3
, l3 z l′

2
0j3S l′

3z l2 j30�ZO l′′1 , l1 z l′3 0j3S l′1 z l3 j30�ZO l′′2 , �
l′′1 , l

′′

2 , l
′′

3 RHjE3�

7
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(%�$ I F6/s�Æ P (Σ) -(n��#yj�P�0?3
{A,B,C,D} S {A′, B′, C′, D′} �(~/s�W φ �Bh {A,B,C,D}C�8r. {A′, B′, C′, D′}.

(%�$ II /s�Æ-L{�<#ZS�UZ/s1b�

8
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R_ GL(3) OAwl O O�730xdA/�WJ�0�W&�(TjE Φ ∈ GL(3) x-t/ Φ : RP 2 → RP 2 ���8(T4;
λ 6= 0 w λΦ = Φ : RP 2 → RP 205 2.4 8(T Φ ∈ GL(3) z>� φ = σ−1 ◦Φ ◦ σ : P (Σ) → P (Σ)9jE/s�W�05 2.5 (FjEA/�W φ : Σ → Σ, (~NjA/�W Φ ∈
GL(3) �5/ Φ(Σ) = Σ ��� Φ = φ : Σ → Σ. y9�w σ−1 ◦Φ ◦ σ =
φ : P (Σ) → P (Σ).05 2.6 0 l9/s�Æ P (Σ)-0jF
Z��(~ Φ ∈ GL(3)�5/ φ = σ−1 ◦ Φ ◦ σ : P (Σ) → P (Σ) h
Z l ��S!}
Z l∞.#+ 2.1 (F/s�W φ : P (Σ) → P (Σ), (~Nj�"jEB�p�M�jE Φ ∈ GL(3), 5/ φ = σ−1 ◦ Φ ◦ σ.?/ 0 φ(l∞) = l. $ Ψ ∈ GL(3) 5/ σ−1 ◦ Ψ1 ◦ σ(l) = l∞. y9�w
σ−1 ◦Ψ1 ◦ σ ◦φhS!}
Z��S!}
Z�y9�(~ Φ ∈ GL(3)5/ σ−1 ◦ Ψ1 ◦ σ ◦ φ = σ−1 ◦ Ψ2 ◦ σ. K φ = σ−1 ◦ Ψ−1

1
Ψ2 ◦ σ.#: 2.4 *Q/s�Æ-?3Æ(n,3�IZ�R�B9#yj�P�-�#+ 2.2 (F/s�Æ-#yj�P�-0��3 {A,B,C,D},(~NjjE/s�W φ : P (Σ) → P (Σ), 5/ φ(A) = A′, φ(B) = B′,

φ(C) = C′,φ(D) = D′.

§3 *�#: 3.1 0 {l1, l2, l3, l4} 9 RP 2 ÆIZ0?E�H3�\xdÆR O 3�IÆ0?
Z��C�$�_
Z0?^^� {a1,a2,a3,a4},��_IÆ^�Æ0(T�E^�uZdSL�R_
a3 = s1a1 + t1a2, a4 = s2a1 + t2a2,�6o RP 2 ÆIZ?3 {l1, l2, l3, l4} 0jÆO

(l1l2; l3l4) =
s2t1
s1t2

.05 3.1 jÆ (l1l2; l3l4) 06oz
Z?^^� {a1,a2,a3,a4} 0g$SL�
9
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?/ 0 {a′

1
,a′

2
,a′

3
,a′

4
} C�9 {l1, l2, l3, l4} �j�
Z?^^���

a
′

3 = s′1a
′

1 + t′1a
′

2, a
′

4 = s′2a
′

1 + t′2a
′

2.�(~B�4; {k1, k2, k3, k4} �5/
a
′

1
= k1a1, a

′

2
= k2a2, a

′

3
= k3a3, a

′

4
= k4a4.*+-6�R/.

s1 =
k1

k3

s′
1
, t1 =

k2

k3

t′
1
, s2 =

k1

k4

s′
2
, t2 =

k2

k4

t′
1
.Kw

s2t1
s1t2

=
s′
2
t′
1

s′
1
t′
2

. �0-:IÆ?
Z {l1, l2, l3, l4} j/s�Æ P (Σ) yIZ0?3
{A1, A2, A3, A4}. �w

l1 = [
−−→
OA1], l2 = [

−−→
OA2], l3 = [

−−→
OA3], l4 = [

−−→
OA4].�

−−→
OA3 = s1

−−→
OA1 + t1

−−→
OA2,

−−→
OA4 = s2

−−→
OA1 + t2

−−→
OA2.�)m/.

t1
s1

= (A1, A2;A3),
t2
s2

= (A1, A2;A4).y9�w
(l1l2; l3l4) =

s2t1
s1t2

=
(A1, A2;A3)

(A1, A2;A4)
.#: 1.6 /s�Æ P (Σ) -IZ?3 {A1, A2, A3, A4} 0jÆ6oO

(A1A2;A3A4) =
(A1, A2;A3)

(A1, A2;A4)
=

−−−→
A1A3

−−−→
A2A3

·

−−−→
A2A4

−−−→
A1A4

.y9�Rw (l1l2; l3l4) = (A1A2;A3A4).05 3.2 RP 2 ÆIÆ?Z� P (Σ) ÆIZ?3�jÆ0jÆ9~/s�WW����
10
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05 3.3 jÆ��	

05 3.4 0 {A1, A2, A3, A4} 9/s�Æ-IZ0?3��w
(i) (A2A1;A3A4) = (A1A2;A4A3) = (A1A2;A3A4)

−1;

(ii) (A1A3;A2A4) = 1 − (A1A2;A3A4);

(iii) (A3A4;A1A2) = (A1A2;A3A4).y9�*Q0 (A1A2;A3A4) = c,�8 24��H0?3�U {Ai , Aj , Ak, Al},jÆ (AiAj ;AkAl) w$���H0�	
{c, 1 − c,

1

c
, 1 −

1

c
,

1

(1 − c)
,

c

c− 1
}.05 3.5 (F��IZ0,3 {A,B,C} S {A′, B′, C′} �(~/s�W φ : P (Σ) → P (Σ), 5/ φ(A) = A′, φ(B) = B′ S φ(C) = C′.05 3.6 F6��IZ0?3 {A,B,C,D}S {A′, B′, C′, D′}�(~/s�W φ : P (Σ) → P (Σ), 5/ φ(A) = A′, φ(B) = B′, φ(C) = C′S φ(D) = D′ 0 hFf9 (AB;CD) = (A′B′;C′D′).

11
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§4 =A29!3;+-05 4.1 (n�E{�#Zu/s1b�

05 4.2 {l1, l2, l3, l4} 0jÆ
(l1l2; l3l4) =

sin θ13 sin θ24
sin θ23 sin θ14

,�Æ θij O li f�. lj 0`k��2�O��=2�OD�#+ 4.1(Steiner) 0 A1, A2, A3, A4 9{�#Z Γ -�H0?E3��8(T3 P ∈ Γ w (PA1, PA2;PA3, PA4) = c ��Æ c O�;��, P z Ai �U2�� PAi O Ai 30�Z�)#+ 4.2(Pascal) {�#Z0(n�l��b0,88�j3IZ�

12
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05 4.3 *Q{�#Z Γ ��j3 P , (~/s�W φ, 5/
φ(Γ) = Γ′ OjE{��� P ′ = φ(P ) O{ Γ′ 0Æa�

05 4.4 (F{�#Z Γ -0�3 Q1,Q2, l[ Γ ��0j3 P ,(~l P O�730/s�W φ, 5/ φ(Γ) = Γ, �� φ(Q1) = Q2.

#: 4.1 0 Γ 9jF{�#Z�*Q�3 P,Q ∈ P (Σ) 5/ PQ�Zj Γ y A1, A2, �� (A1A2;PQ) = −1�R� P,Q OLy Γ 0jE4SI��05 4.5 *Q P �~ Γ 0����Awz P 4SI�03 Q J� Γ M�0jF
Z ℓ(P )��O P 30YZ��
13
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05 4.6 *Q P �~ Γ 0M��R P � Γ 0�Z��3O Q1 S
Q2. �Awz P 4SI�03 Q J� Γ ��0X Q1Q2.

05 4.7 {�#Z0i3 F 0YZ9BA8r0�Z�

#: 4.2 *Q P ∈ Γ �R6oBA8r0YZ ℓ(P ) O P 3#0�Z�

14
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#: 4.3 R� P (Σ) -v P → ℓ(P )6o03Z8�OLy{�#Z Γ 0�Yt/�05 4.5 �Yt/h�3�Z���Zj3�

#+ 4.3(Brianchon) {�#Z0(jM���b0,88530�ZI3�
§5 3;C�8#: 5.1 0 RP 2 9R O 30Aw
ZJ�0/s�Æ�R$

E
3 Æ0A/� {O; e1, e2, e3}. � V 9Awl O 3O�30^�J�0^�xd��(TjEB�^� a w�� (a1, a2, a3). 8(T4; λ 6= 0 �^� λa S a t6Nj0R O 30
Z�R_^�

a = (a1, a2, a3) At60
Z l O [(a1, a2, a3)] ∈ RP 2. �w
[λ(a1, a2, a3)] = [(a1, a2, a3)].R� [(a1, a2, a3)] O l ∈ RP 2 0�&���y9�w

RP 2 = {[(x, y, z)] | (x, y, z) ∈ R
3\{0}}./s�Æ RP 2 ÆR3 A = [(a1, a2, a3)] S B = [(b1, b2, b3)] 0/s
Z l wl��

l = {[λ(a1, a2, a3) + µ(b1, b2, b3)] | (λ, µ) ∈ R
2\{0}}.
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Aw^� (x, y, z) = λ(a1, a2, a3) + µ(b1, b2, b3) �~j�R O 30�Æ-�B0?�O
∣

∣

∣

∣

∣

∣

x y z
a1 a2 a3

b1 b2 b3

∣

∣

∣

∣

∣

∣

= 0,X`�
ax+ by + cz = 0,�Æ

a =

∣

∣

∣

∣

a2 a3

b2 b3

∣

∣

∣

∣

, b = −

∣

∣

∣

∣

a1 a3

b1 b3

∣

∣

∣

∣

, c =

∣

∣

∣

∣

a1 a2

b1 b2

∣

∣

∣

∣

.y9� RP 2 Æ0jF/s
Zwl��
l = {[(x, y, z)] | ax+ by + cz = 0}.R_/s
Z l 0�d��O [(a, b, c)].05 5.1 0 P = [(x, y, z)]9/s�Æ RP 2 Æ0jE3�:/s
Z l 0�d��O [(a, b, c)]. � P �~ l -,�n, ax+ by+ cz = 0.05 5.2 /s�Æ RP 2 Æ,3 A = [(a1, a2, a3)], B = [(b1, b2, b3)]S C = [(c1, c2, c3)] ,3IZ0 hFf9

∣

∣

∣

∣

∣

∣

a1 a2 a3

b1 b2 b3
c1 c2 c3

∣

∣

∣

∣

∣

∣

= 0.05 5.3 /s�Æ RP 2 Æ,/s
Z a1x+ a2y + a3z = 0, b1x +
b2y + b3z = 0 S c1x+ c2y + c3z = 0 jyj30 hFf9

∣

∣

∣

∣

∣

∣

a1 a2 a3

b1 b2 b3
c1 c2 c3

∣

∣

∣

∣

∣

∣

= 0.05 5.4 RP 2 = Σ1 ∪ l∞, �Æ
Σ1 = {[(x, y, z)] | z 6= 0} = {(x̂, ŷ, 1) | (x̂, ŷ) = (

x

z
,
y

z
) ∈ R

2}OR e3 �3��y {e1, e2} 0�Æ�:
l∞ = {[(x, y, 0)] | (x, y) ∈ R

2\{0}}.
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05 5.5 (T/s�W Φ : RP 2 → RP 2 w���7








x′

y′

z′







 =









a11 a12 a13

a21 a22 a23

a31 a32 a33









x
y
z







 ,

∣

∣

∣

∣

∣

∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣

∣

∣

∣

∣

∣

6= 0.05 5.6 Σ1 -0(TA/�W Φ : Σ1 → Σ1 w���7




x′

y′

1



 =





a11 a12 a13

a21 a22 a23

0 0 1









x
y
1



 ,

∣

∣

∣

∣

a11 a12

a21 a22

∣

∣

∣

∣

6= 0.05 5.7 (F/s�Æ RP 2 -#yj�P�-0?3 {l1 , l2, l3, l4},(~ E
3 Æ0A/��V {O; e1, e2, e3}, 5/
l1 = [(1, 0, 0)], l2 = [(0, 1, 0)], l3 = [(0, 0, 1)], l4 = [(1, 1, 1)].05 5.8 0 Σ O E

3 Æ0j��Æ� O O�Æ Σ Mj3��(F/s�Æ P (Σ) -#yj�P�-0?3 {A1, A2, A3, A4}, (~ E
3 Æ0A/��V {O; e1, e2, e3}, 5/

A1 = [(1, 0, 0)], A2 = [(0, 1, 0)], A3 = [(0, 0, 1)], A4 = [(1, 1, 1)].,B u�&��=�� Desargues 6|��
A = [(1, 0, 0)], B = [(0, 1, 0)], C = [(0, 0, 1)], P = [(1, 1, 1)].�
Z?�

AB = {z = 0}, BC = {y = 0}, AC = {x = 0}.vy {A′, A, P}, {B′, B, P} S {C′, C, P} IZ�w0 A′ = [(a, 1, 1)],

B′ = [(1, b, 1)] S A′ = [(1, 1, c)]. y9 A′B′, B′C′ S C′A′ 0?�C�O
(1 − b)x+ (1 − a)y + (ab− 1)z = 0;

(bc− 1)x+ (1 − c)y + (1 − b)z = 0;

(1 − c)x+ (ac− 1)y + (1 − a)z = 0.

17
118



wl^� AB z A′B′ 0j3 M = [(a− 1, 1− b, 0)], BC z B′C′ 0j3 N = [(0, b− 1, 1 − c)], AC z A′C′ 0j3 D = [(1 − a, 0, c− 1)]. vy
∣

∣

∣

∣

∣

∣

a− 1 1 − b 0
0 b− 1 1 − c

1 − a 0 c− 1

∣

∣

∣

∣

∣

∣

= 0,6|/��_ RP 2 = Σ1 ∪ l∞. ��Æ Σ1 -0
Z
ax̂+ bŷ + c = 0~�&��VW0?�O
ax+ by + cz = 0;�Æ Σ1 -0;&#Z

a11x̂
2 + 2a12x̂ŷ + a22ŷ

2 + 2a13x̂+ 2a23ŷ + a33 = 0~�&��VW0?�O
a11x

2 + 2a12xy + a22y
2 + 2a13xz + 2a23yz + a33z

2 = 0._
X = (x, y, z), A =





a11 a12 a13

a21 a22 a23

a31 a32 a33



 ,� RP 2 Æ0;&#Z Γ w��
Γ = {[X ] | X ′AX = 0.}.C�9� Σ1 Æ0L{ x2/a2 + y2/b2 − 1 = 0 8r
A =





1

a2 0 0
0 1

b2
0

0 0 −1



 ;

Σ1 Æ0<#Z x2/a2 − y2/b2 − 1 = 0 8r
A =





− 1

a2 0 0
0 1

b2
0

0 0 1



 ;
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Σ1 Æ0<#Z x2 − 2cy = 0 8r
A =





1 0 0
0 0 −c
0 −c 0



 .#+ 5.1 /s�Æ-#yj�P�-0T3wNj%6GRB0jE{�#Z�?/ (F/s�Æ-#yj�P�-0T3 {A,B,C,D,E}. Rwl$�&��V�5/
A = [(1, 0, 0)], B = [(0, 1, 0)], C = [(0, 0, 1)], D = [(1, 1, 1)], E = [(λ, µ, ν)].*+;&#Z?��/.
a11 = a22 = a33 = 0, a12 + a13 + a23 = 0, λa12 + µa13 + νa23 = 0.pO D 6= E, /.

a12 : a13 : a23 = (µ− ν) : (ν − λ) : (λ− µ).AlR {A,B,C,D,E} 0{�#Z Γ Nj(~�O
(µ− ν)xy + (ν − λ)xz + (λ− µ)yz = 0.6|���0 Γ 9 RP 2 Æ0jF{�#Z�R~ E

3 Æ$6A/��V
{O; e1, e2, e3} ��{�#Z Γ 0�&?�w`�

Γ = {[X ] | X ′AX = 0},�Æ X = (x, y, z), [X ] �7^� u = xe1 + ye2 + ze3 A6o0
Z�: A 9jE8�0 3 × 3 q��B0C��BD�#+ 5.2 0 Γ = {[X ] | X ′AX = 0}O RP 2 Æ0{�#Z�P = [V ]S Q = [W ] 9 Γ M0�3�B0�Zj Γ y�3 A1, A2. � P , QLy Γ 4SI�,�n, V ′AW = 0.?/ R_
A1 = [t1V +W ], A2 = [t2V +W ].vy A1, A2 ~ Γ -�� t1, t2 ��?� (tV +W )′A(tV +W ) = 0, \

(V ′AV )t2 + 2(V ′AW )t+ (W ′AW ) = 0.pO (A1A2;PQ) = t2/t1, Al
(A1A2;PQ) = −1 ⇔ t1 + t2 = 0 ⇔ V ′AW = 0.
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}�� �Æ��{z
§1 Möbius y��~� 1.1 _�� E2 �=.J<℄ σ �℄A4 O ��e4 r. ` σX&J<S� σ : E

2\{O} → E
2\{O} �

(i) {O, P, σ(P )} >=�
(ii) d(O, σ(P ))d(O, P ) = r2.6~VaC�� E

2

= E2 ∪ {∞}, �D. σ(O) = ∞, σ(∞) = O �`
σ : E

2

→ E
2 4aC���*J<JJ3Q��4℄ σ *6G�L�


� 1.1 � σ ����J<℄�
(i) 6G�L σ {q σ2 = id, �	� σ �*}<,�/�
(ii) 6G�L σ \}<F℄A O *i=��*p��
(iii) 6G�L σ \}<F℄A O *℄l���F℄A O *i=�
(iv) 6G�L σ \}<�F℄A O *i= l ��F℄A O *℄ σ′,�� σ′ _ O ,*�=[ l �C�
(v) 6G�L σ \}<[ σ f^*℄��*p��
(vi) 6G�L σ \�F℄A O *J<℄ σ1 ��J<℄ σ2;

(vii) 6G�L σ �6.?*�L�
1
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���*J,i= σ lLj���e47�#*℄�*F ∞ ,�d�6~D.**6G�L σ : E
2

→ E
2 4AY σ *i=6����

σ(∞) = ∞. *�6.?*�L�Y��aC���*℄U���*℄Gi=r��aC���*}<℄ σ i3Q6G�L σ : E
2

→ E
2

.
� 1.2 6G�L σ \℄��℄��	�>^℄*^_���

~� 1.2 6~.OaC�� E
2 �* Möbius 4

M2 = {φ = σ1 ◦ σ2 · · · ◦ σr : E
2

→ E
2

},�k {σ1, σ2, · · · , σr}4℄*6G�L�6~�M2 k*\&4 Möbius�L�
� 1.3 ���*i=6���KGFni4+�* Möbius �L�*~iL∞ 4�/,�Y�����*+g�L4Möebius *J<o�
� 1.4 ���J<, O �*�(�L4 Möbius �L�*L OG ∞ 4�/,�~� 1.3 6~_ E2 k[sW�*$5i_u�8 Oxy. `���}<, (x, y) 3QJ<;! z = x + iy. Y�� (x,−y) 3Q>v;!
z̄, (−y, x) 3Q;! iz. 6~V

C = C ∪ {∞} = E
2

.
� 1.5 ���*i=lL��
ᾱz + αz̄ + c = 0, α ∈ C\{0}, c ∈ R.
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� 1.6 ���*kA_ z0, �e4 r *℄lL��
|z − z0|

2 = r2;MlL��
zz̄ + ᾱz + αz̄ + c = 0, α = −z0, c = |z0|

2 − r2.
� 1.7

(i) ���*+g�LlL�� w = eiθz + z0, M w = eiθ z̄ + z0;

(ii)���_ z0 ,�*�(�Ll�� w = λz+(1−λ)z0,�k λ 6= 04�(�!�
(iii) ���AYi= ᾱz + αz̄ + c = 0 *6�lL��

w = −
1

ᾱ
(αz̄ + c).

(iv) � σ 4kA_ z0 ,��e4 r *℄l�`6G�L σ : C → ClL��
w = z0 +

r2

z̄ − z̄0

.~� 1.1

(i) aC�� C �*	.?* Möbius �L φ lL��:�=D�L
w = φ(z) =

αz + β

γz + δ
, αδ − βγ 6= 0.

(ii) aC�� C �*6.?* Möbius �L φ lL��>v:�=D�L
w = φ(z) =

αz̄ + β

γz̄ + δ
, αδ − βγ 6= 0.
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~� 1.2

(i) aC�� C �*:�=D�L
w = φ(z) =

αz + β

γz + δ
, αδ − βγ 6= 0M�f�(�LG	.?+g�L*;I�M�J<6G�LG6.?+g�L*;I�

(ii) aC�� C �*>v:�=D�L
w = φ(z) =

αz̄ + β

γz̄ + δ
, αδ − βγ 6= 0M�6.?*+g�L�M�f�(�LGi=6�*;I�M�J<6G�LG	.?+g�L*;I��	�6~:g� (i). �E γ = 0, l�7� δ = 1. V α = |α|eiθ. `V

φ(z) = αz + β = φ1 ◦ φ2(z),�k φ1(z) = |α|z 4f�(�5 φ2(z) = eiθz + β
|α| 4	.?*+g�L��E γ 6= 0, l�7� αδ − βγ = 1. 6~x z0 = φ(∞) = α/γ,

r = 1/|γ|. x σ �kA_ z0, �e4 r *℄�`V
σ ◦ φ(z) = z0 +

r2

φ(z) − z̄0

= −
γ̄

γ
z̄ +

α − δ̄

γ
,Y�� σ ◦ φ = φ1 �J<6.?*+g�L�� φ = σ ◦ φ1 �J<6G�LG6.?+g�L*;I�4 Möbius �L�L9g� (ii). �E γ = 0, l�7� δ = 1. Y� φ(z) = αz̄ + β. %

|α| = 1 ��*�J<6.?*+g�L�% |α| 6= 1 ��V α = |α|eiθ,�x φ1 4kA_ z0 = β/(1 − |α|) ��(�!4 |α| *�(�5 σ 4i= (−ie−iθ/2)z + (ieiθ/2)z̄ = 0 *6��L�`V
φ1(z) = |α|z + β, σ(z) = eiθ z̄.�MHg φ = φ1 ◦ σ �4J<f�(GJ<i=6�*;I��E

γ 6= 0, l�7� αδ − βγ = 1. 6~x z0 = φ(∞) = α/γ, r = 1/|γ|. x
σ �kA_ z0, �e4 r *℄�`V

σ ◦ φ(z) = z0 +
r2

φ(z) − z̄0

= −
γ̄

γ
z +

α − δ̄

γ
,

4
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4	.?*+g�L�Y��φ�6G�LG	.?+g�L*;I�
2 ~� 1.4 aC�� C �*)V:�=D�LG>v:�=D�L?� Möbius �L�~� 1.5 ÆN Möbius �LlL��j4$<6G�L*;I�~� 1.4 L ∞ 4�/,* Möbius �L�4���*>%�L����)V>%�L?�J<��4>%�L�*� Möbius*J<o�~� 1.6 ���*>%�LlL��f�(G+g�L*;I�
� 1.8 � {z1, z2, z3} 4aC�� C �*�<�.,�`
(i)!_3JJ<	.?* Möbius�L φ��) φ(z1) = 0, φ(z2) = 1,

φ(z3) = ∞;

(ii)!_3JJ<6	.?* Möbius�L φ��) φ(z1) = 0, φ(z2) =
1, φ(z3) = ∞.�	 (i) G (ii) k* φ :�lL3J��

φ(z) =
z2 − z3

z2 − z1

·
z − z1

z − z3

; φ(z) =
z̄2 − z̄3

z̄2 − z̄1

·
z̄ − z̄1

z̄ − z̄3

.~� 1.7 Æ=aC���t<�,r {z1, z2, z3}G {w1, w2, w3}�!_3J*	.? Möbius �L φ(6.?* Möbius �L φ) ��)
w1 = φ(z1), w2 = φ(z2), w2 = φ(z2).~� 1.5 _mY E3 �=.J<	� σ �	A4 O ��e4 r. `

σ X&J<S� σ : E3 ∪ {∞} → E3 ∪ {∞} �{q,Z
(i) {O, P, σ(P )} >=�
(ii) d(O, σ(P ))d(O, P ) = r2;

(iii) �D. σ(O) = ∞ G σ(∞) = O.6~VaCmY E
3

= E3 ∪ {∞}, �� σ : E
3

→ E
3 4	� σ *6G�L�

5
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� 1.9 � σ �mYk*J<	��
(i) 6G�L σ {q σ2 = id, �	�	� σ �*}<,�/�
(ii) 6G�L σ \}<F	A O *i= (��) ��*p��
(iii) 6G�L σ \}<F	A O *	� (℄l) ���F℄A O *�� (i=) �
(iv) 6G�L σ \}<�F	A O *�� Σ(i= l) ��F℄A O*	� (℄)σ′, �� σ′ _ O ,*��� (�=) [ Σ(l) �C�
(v) 6G�L σ \}<[ σ f^*	� (℄) ��*p��
(vi) 6G�L σ \�F	A O *J<	� (℄)σ1 ��J<	�

(℄)σ2;

(vii) 6G�L σ �6.?*�L�~� 1.6�	P/R�� S2 4mYkJ<	��Σ�mYk*Jb���O ∈ S2�	�'�� Σ*s^,�
P,��3ÆH P ∈ S2\{O}!_3J P ′ ∈ Σ �) {O, P, P ′} >=�6~� 1-1 3Q
σ : S2 → Σ ∪ {∞} = E

2

, P → P ′, σ(O) = ∞4	� S2 '�� Σ *	P/R�
� 1.10 !_mYL O 4kA*J<	� σ, �)AY σ *mY6G�L σ : E
3

→ E
3 =�	P/R σ : S2 → E

2

.
� 1.11 	P/R σ : S2 → E
2 \ S2 �F O ,*℄S�i=�\ S2 ��F O ,*℄S�℄��	�t℄*^_���

6
126



§2 ��xk���Ri= RP 1, *��� E2 �)VF O ,*i=?�*QI�-F_ E2 �[su�8 Oxy, `V
RP 1 = {[(x, y)] | x, y ∈ R, (x, y) 6= (0, 0)}.�R�L Φ : RP 1 → RP 1 3QJ< 2 a91Kfe A, �)

[(

x′

y′

)]

= Φ([(x, y)]) =

[

A

(

x
y

)]

=

[(

a b
c d

) (

x
y

)]

.6~� ℓ1 = {(x, 1) | x ∈ R} ��V ∞ = [(1, 0)]. `V
RP 1 = ℓ1 ∪ {∞}._ ℓ1 �t�R�L Φ, 6~)'

[(

x
1

)]

→

[(

x′

1

)]

=

[(

a b
c d

) (

x
1

)]

=

[(

ax + b
cx + d

)]

,Y��_�m�*�R�LlL��
x′ =

ax + b

cx + d
, A =

(

a b
c d

)

∈ GL(2, R).�R�L*N���u4$,*^�
(x1x2; x3x4) =

(x3 − x1)(x4 − x2)

(x3 − x2)(x4 − x1)
.6~\aC�� C +.Y;�Ri= CP 1 = C ∪ {∞}. `	.?* Möbius �LÆ+.Y CP 1 �*�R�L

w =
az + b

cz + d
, A =

(

a b
c d

)

∈ GL(2, C).~� 2.1 � {z1, z2, z3, z4} 4aC�� C �$,�6~.O*~*;^�4
(z1z2; z3z4) =

(z3 − z1)(z4 − z2)

(z3 − z2)(z4 − z1)
.~� 2.1 � φ : C → C 4 Möbius �L� {z1, z2, z3, z4} 4 C �$,�

7
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(i) �E φ 	.?�` (φ(z1)φ(z2); φ(z3)φ(z4)) = (z1z2; z3z4);

(ii) �E φ 6.?�` (φ(z1)φ(z2); φ(z3)φ(z4)) = (z1z2; z3z4).P4}<℄li[�m Möbius +X��V~� 2.2 aC��� {z1, z2, z3, z4}$,>℄*�I,Z� (z1z2; z3z4)4�!�
§3 ���| Poincare ��~� 3.1 � D = {z | |z| < 1} 4���*$5℄��**b℄

∂D = {z | |z| = 1}. 6~.O�
(i) "
��U D k*)V,?��
(ii) "
��k*"
i=�[ ∂D f^*℄l (Mi=) [ D *^Qr��~� 3.2 }<[ ∂D f^*℄ (Mi=)σ *6G (6�) X&�L

σ : D → D, �4AY"
i= σ *i=6��V<<"
i=*6�?�*�4"
�L�
� 3.1 Æ=9w* a ∈ D,!_3JJ<i=6� σ,�) σ(a) =

0. d<6GV�"�
σ(z) =

a

ā
·

(

z̄ − ā

az̄ − 1

)

.
� 3.2

(i) =.t, a, b ∈ D, !_3JF�t,*J,"
i=�
(ii) F"
i= l 2J,�!_7�4,[ l �^�S�C�*"
i=�
� 3.3 Æ=J,"
i= l �!_J<"
�L φ : D → D, �) φ(l) � D k*�i=�

8
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~� 3.1 Æ="
��kt, z1, z2 ∈ D ��VJ,F�t,*i= σ �*[ ∂D ^Yt, ξ1, ξ2 ��k ξ1 [ z1 >v� ξ2 [ z2 >v�6~.O z1 j z2 *"
gp4
d(z1, z2) = − log(z1z2; ξ1ξ2) = log

|z2 − ξ1||z1 − ξ2|

|z1 − ξ1||z2 − ξ2|
.
� 3.4

(i) d(z1, z2) ≥ 0, �� d(z1, z2) = 0 %�% z1 = z2;

(ii) d(z1, z2) = d(z2, z1);

(iii) � z2 z_ {z1, z3} )h.*"
=1��`V
d(z1, z2) + d(z2, z3) = d(z1, z3);

(iv) "
�L4+g�L�
� 3.5

(i) 3ÆN z ∈ D V
d(0, z) = log

1 + |z|

1 − |z|
;

(ii) 3ÆNt, a, z ∈ D V
d(a, z) = log

|āz − 1| + |z − a|

|āz − 1| − |z − a|
.~� 3.1 �"
�_B ABC �<_4 A, B G C, *~*3Q�0:�4 a, b G c, `V

(i) f;.q�
sinh a

sin A
=

sinh b

sin B
=

sinh c

sin C
;

(ii) Z;.q�
cosh c = cosha cosh b − sinh a sinh b cosC;

9
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(iii)

cosh c =
cosA cosB + cosC

sinA sin B
.�	 �:6~g�� Z;.q I. -FJ<"
�L�6~�7��_B ABC *-,:�3Q;! z = ρeiC �! r, 0 G�Y��

a = log
1 + r

1 − r
, b = log

1 + ρ

1 − ρ
, c = log

1 + δ

1 − δ
, δ =

|z − r|

|rz − 1|
.U�)'

r = tanh
a

2
, ρ = tanh

b

2
, δ = tanh

c

2
;

δ2

1 − δ2
=

|z − r|2

(1 − r2)(1 − ρ2)
=

r2 + ρ2 − 2rρ cosC

(1 − r2)(1 − ρ2)
.�V

cosh c = 2
δ2

1 − δ2
+ 1 = cosha cosh b − sinh a sinh b cosC.��6~rTZ;.q I ng�f;.q�UY

cosC =
cosha cosh b − cosh c

sinh a sinh b
,6~)'

sin2 C

sinh2 c
=

1 − cosh2 a − cosh2 b − cosh2 c + 2 cosha cosh b cosh c

sinh2 a sinh2 b sinh2 c
,U3�D0�f;.q�sJ�6~x

R2 = 1 − cosh2 a − cosh2 b − cosh2 c + 2 cosha cosh b cosh c > 0, R > 0,`V
sin A =

R

sinh b sinh c
, sin B =

R

sinh a sinh c
, sin C =

R

sinha sinh b
.Y��rTZ;.qi`U'�6~)'

cosA cosB + cosC

sin A sinB
=

1

R2
(sinh a sinh b sinh2 c)(cosA cosB + cosC) = cosh c.
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6~�t<�_B ABC G�_B A′B′C′ �+��E!_"
�L φ : D → D, �)
A′ = φ(A), B′ = φ(B), C′ = φ(C).~� 3.2 "
��kt<�_B�+%�%

(i) �*~3Q�*�>+�
(ii) ___�*~3Q�_*_0>+�
(iii) _�*~*t<3Q*�0R�W_*_0>+�
(iii) __�*~*t<3QW_*_0R�>.*�>+�
� 3.6 3"
��kÆN�, {z1, z2, z3} V

d(z1, z2) + d(z2, z3) ≤ d(z1, z3);�+��s%�% z2 z_ {z1, z3} )h.*"
=1��
� 3.7 3ÆH a ∈ D V
lim
z→a

d(z, a)

|z − a|
=

2

1 − |a|2
.~� 3.3 "
�e4 r *"
℄*l�4 2π sinh r.
� 3.8 Æ=℄l ∂D�*t<�,r {z1, z2, z3}G {w1, w2, w3},!_j4�<"
i=6���)*~*;I�L φ {q

φ(z1) = w1, φ(z2) = w2, φ(z3) = w3.~� 3.4 ÆHJ<"
�L φ : D → D l��
φ(z) = eiθ z − a

āz − 1
, |a| < 1M

φ(z) = eiθ z̄ − ā

az̄ − 1
, |a| < 1*B��
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�	 x a ∈ D {q φ(a) = 0. x!_3J*"
i=6�
σ(z) =

a

ā
·

(

z̄ − ā

az̄ − 1

)

,�) σ(0) = a. ` φ1 = φ ◦ σ �J<"
�L��) φ1(0) = 0. x
φ1(1) = eiϕ. P4 φ1 \"
i= (−1, 1) �� 0 G eiϕ )_*"
i=��V φ1(−1) = −eiϕ. UY φ2(z) = eiϕz̄ �6.?* Möbius�L�*\ {0, 1,−1}S� {0, eiϕ,−eiϕ}; 5 φ3(z) = eiϕz �	.?* Möbius�L�*\ {0, 1,−1}S� {0, eiϕ,−eiϕ};� φ◦σ = φ2,M φ◦σ = φ3.Y��

φ(z) = φ2(σ(z)) = eiθ z − a

āz − 1
, eiθ = eiϕ ā

a
;M

φ(z) = φ3(σ(z)) = eiθ z̄ − ā

az̄ − 1
, eiθ = eiϕ a

ā
.
� 3.9 o|0u

g =
4|dz|2

(1 − |z|2)2_"
�L9	����~� 3.6 ÆHt<"
P<�_B�"
+X*�"
�O*.OEIT'O:�6~y��℄�"
�L	�ÆNt,*"
gp�Y� iB�#�6~lL2.�ÆNt<"
P<�_BV>.*�O����-FU'�6~h(�P<�_B*�O4 π.
� 3.10 ��_B ABC, A 4�,� B G C 4b,�`�_B�O
∆ = π − A.~� 3.7 �"
�_B ABC *-__04 A, B, C, `�_B�O

∆ = π − A − B − C.
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§4 ���|w����~� 4.1 \"
THk* Poincare ℄� D *kA8_ z = −1,�� σ �kA_ z0 = −2, �e4 2 *℄�`6G�L σ : C → C \
D S�����

H = {z = x + yi ∈ C | y > 0}.
� 4.1 "
�� H k*"
i=�[�mf^*℄Mi=�
� 4.2 � z1, z2 ∈ H. � ℓ �F*~*"
i=�
(i) �E ℓ �[�mf^*i=�� Imz1 > Imz2 �`V

d(z1, z2) = log
z1

z2

.

(ii) �E ℓ �[�mf^Y ξ1 G ξ2 *℄l��k ξ1 [ z1 vd� ξ2[ z2 vd�`V
d(z1, z2) = − log(z1z2; ξ1ξ2) = log

|z2 − ξ1||z1 − ξ2|

|z1 − ξ1||z2 − ξ2|
.
� 4.3 "
�� H k*

(i) 	.?"
�Ll��
φ(z) =

az + b

cz + d
, a, b, c, d ∈ R, ad − bc > 0.

(ii) 6.?"
�Ll��
φ(z) =

az̄ + b

cz̄ + d
, a, b, c, d ∈ R, ad − bc < 0.
� 4.4 o|0u

g =
|dz|2

Imz2_"
�L9	����
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